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Abstract 
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1 Introduction 

The goal of this paper is to study the asymptotic development by T-convergence of order 2 of the 
Modica-Mortola or Cahn-Hilliard functional (see [371113110]) 




( 1 . 1 ) 


u 


subject to the mass constraint 

/ udx = m. (1-2) 

Jn 

Here P C K” is an open, bounded set and IT is a double-well potential. 

The notion of asymptotic development by T-convergence was introduced by Anzellotti and Baldo 
[7|. To be precise, given a metric space X and a family of functions : A —>■ K, e > 0, we say that 
an asymptotic development of order k 


Ae = -b -b • • • -b -b o(£'=) 


holds if there exist functions : X —)■ K, i = 0,1,... ,k, such that the functions 



(1.3) 


are well-defined and 


jrb) 

where := and K is the extended real line. Let 

Ui := {minimizers of 


(1.4) 


It can be shown that 


J-'*) = 00 in X\Ui-x, 


(1.5) 


1 



and that 


with 


{limits of minimizers of } C C • • • C 


inf = inf + Sm inf + • • • + inf + o(e^) 


( 1 . 6 ) 


for every sequence Sm —t O'*", provided inf < oo for alH = 0,..., fc. 


Simple examples show that each of the inclusions in (1.61 may be strict (see H)- Thus asymptotic 
development by T-convergence provides a selection criteria for minimizers of Some other works 
that describe asymptotic development via T-convergence include [12], P5] . 

The first example of asymptotic development by T-convergence of order 2 for functionals of the 


type (1.1) was studied by Anzellotti and Baldo in |7|, who considered the case in which n = 1, the 
wells of W are not points but non-degenerate intervals and the mass constraint (1.2) is replaced 


by a Dirichlet condition. Subsequently Anzellotti, Baldo and Orlandi |S] studied (1.1) in arbitrary 
dimension, in the case in which W has only one well (bT(s) = s^) and again with Dirichlet boundary 


conditions in place of (1.2). 


The problem of the asymptotic development of order 2 for the Cahn-Hilliard functional (1.1) 
with W a double-well potential has remained an open problem, except when n = 1. Indeed, in 
the one-dimensional case and for sufficiently smooth W, one can show that = 0. This can be 
deduced from the work of Carr, Curtin and Slemrod m, Theorem 8.1, and from the recent paper 
m of Bellettini, Nayam and Novaga, who gave a very precise higher-order asymptotic estimate for 
Feiue), where {ug} C H^{T) is any sequence converging to u S BV{T- {—1,1}) in L^{T), where T 
is the one-dimensional torus and —1,1 are the wells of W. 


To our knowledge, the only result related to the second-order asymptotic development of (1.1) 


in the case n > 2 for (1.1), (1.2) has recently been obtained by the first author in collaboration with 


Dal Maso and Fonseca in m\- For a double-well potential satisfying 


W{s) = W{-s) 


for all s G K and 

IF(s) =C|l-s|i+« 

near s = 1, for some q G (0,1), and under the additional assumption that 

It = 1 on 9f2, 


(1.7) 


( 1 . 8 ) 


in addition to (1.2), it was shown that = 0. More generally, this was proved in the case 
in which |Vup dx is replaced by $^(Vm) dx, with $ : K" —)■ [0, oo) an arbitrary norm. 

The Dirichlet condition (1.8) played a crucial role in the proof in m since it permitted the use 
of classical symmetrization techniques (see [32], [10]) in Hq{Q) to reduce the problem to the radial 
case. Moreover, the behavior of W near the wells (see (O) did not allow for potentials W. The 
work of m left open several important questions, namely the characterization of when 


• the Dirichlet condition (1.8) is not imposed, 

• kF is of class 

• kF is not even. 

In this paper we address all of these questions. In particular, we show that in general 0 if kF 

is even and of class C^, or if kF is not even. 

Here we take X := L^(D) and define 


F,{u) := 


Feiu) 


oo 


if u G 77^ (D) and (1.2) holds, 
otherwise in L^(D). 
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The T-limit of order 1 (see (1.3) and (1.4)) has been established by Carr, Curtin and Slemrod 
m for n = 1 and by Modica 


and Sternberg m for n > 2 (see also 
be, under appropriate assumptions on ft and W, 


EOl), and is known to 


:= 


2cw P({w = a}; fl) 


if M € BV (ri; {a, 6}) and (1.2) holds, 
otherwise in 


(1.9) 


where P(-;fl) is the perimeter in Q, (see 
given by 


a, b are the wells of W and the constant cw is 


cw ■= f W^^^{s)ds. 

J a 


( 1 . 10 ) 


In view of (1.5), in order to characterize the T-limit of order 2, (see (1.3) (1.4)), it is 
important to understand the family lAi of minimizers of the functional defined in (1.9). Observe 


that u belongs to Ui if and only if u S BV (fl; {a, b}) and the set {u = a} is a solution of the classical 
partition problem^ namely, if it solves 


miTi{PiE-,n) : Ecfl Borel, £"(£;) = 0 ^}, 


where 


■ — 


bC^{Vt) — m 
b — a 


( 1 . 11 ) 


( 1 . 12 ) 


The properties of minimizers of (1.11) have been studied by Griiter jSSj (see also [551 ITTl 15^ 1. 
who showed that when fl is bounded and of class minimizers E of ( 1.11[ ) exist, have constant 
generalized mean curvature ke, intersect the boundary of orthogonally, and their singular set is 
empty if n < 7, and has dimension of at most n — 8 if n > 8. Here and in what follows we use the 
convention that ke is the average of the principal eurvatures taken with respect to the outward unit 
normal to dE. 

A crucial hypothesis in our results is that the isoperimetric function or isoperimetric profile 
(lill), given by 


In(o) := inf{P(£;; H) : A C H Borel, C^iE) = o}, 0 G [0, £”(0)], 


(1.13) 


admits a Taylor expansion of order 2 at the value Om in (1.12). In particular the differentiability of 
In at Vm implies that (see [47] 1 

r^it>m) = {n-l)KE (1.14) 


for every minimizer E of (1.13) at 0 = Vm- Hence, differentiability of In must fail whenever the mean 


curvature of minimizers of the partition problem (1.11) is not uniquely determined. For example, 
if H is a square in it can be shown that there exists a value of Vm for which there are two 


minimizers of (1.11), one being a line segment and the other being an arc of a circle. 


We observe that, as In is semi-concave if Pt is sufficiently smooth |5] or convex (55], a Taylor 
expansion of order 2 holds for a.e. 0, or equivalently for a.e. mass m in (0. Under this 
assumption on In and under other technical hypotheses on H, m and W (see Section 2) we will show 
that if W is quadratic near the wells a, b then the following theorem holds. 


Theorem 1.1. Assume that satisfy hypotheses (2.1)-(2.7) with q = 1. Then 


^ W'^a){b cwTu){n - 1)k„ P({u = a}; U) 


(1.15) 


if u GUi and = oo otherwise in 
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Figure 1: Iq for the domain = Q 2 , the cube in When Xq is not differentiable there are two 
competing sets minimizing the perimeter, as shown. 


Here is the constant mean curvature of the set {u = a}, 

Csym := [ W{z{t))tdt, 

Jm 

where z is the solution to the Cauchy problem 


z'(t) = ^yw{z{t)) for t G K, 
z(0)=c, z(t)€[a,b], 


with c being the central zero of W (see (2.6)), and G M is a constant such that 

2cw(n — 1 ) 


P({u = a};fi) [ z{t - Tu) - sgn^ ,,{t) dt = 

Jm. 


W"{a){b-a) 
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(1.16) 


(1.17) 


(1.18) 


where 


sgna,&(t) := 


a if t < 0, 
b if t > 0. 


(1.19) 


We note that when W is quadratic near the wells, that is, when g = 1 in (2.10), then the solution 


of the Cauchy problem (1.17) approaches a and & as t —)■ —00 and 00 respectively, while when W 
is subquadratic near the wells, that is, when g < 1 in (2.10), then the solution reaches a and b in 


finite time. This property plays a crucial role in our results, and helps explain why the two cases are 
different. 

We observe that, in view of (1.14), the quantities P({u = a}; H), Ku and are uniquely deter¬ 
mined by Dm, 2in(Dm) and X[^{Vrn) for u GUi. 

Without assuming the differentiability of the isoperimetric function X^ at Dm one can only 
conclude that {n - 1)k„ G [(2in)'„(Dm), (21n)(|_(0m)], where (Ia)'_, (In)V are the le ft and right 


derivatives of Xq, which must exist as Xq is semi-concave [S]. We conjecture that (1.15) continues to 
hold even in this case, but we have not been able to prove it. One potential avenue of investigation 
involves studying isolated families of perimeter minimizers where the mean curvature is unique. 
While this could potentially remove the issue of differentiability it does not remove the technical 
necessity of a higher-order Taylor expansion of Iq at Dm ■ 
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If such a conjecture holds then (1.15) would provide an additional selection criterion among 
minimizers oilAi. In particular, when W is symmetric about then surfaces with larger magnitude 


mean curvature are energetically favored (see Corollary 1.3 below). 


We can offer a heuristic explanation for the terms in (1.15). Critical points Ug of (1.1) subject 


to (1.2) satisfy the Neumann problem 


f 2eAue = ^W'{ue) + Ae 


I = 0 

L Oi/ ^ 


in n, 
on dH., 


where v is the outward unit normal to and is a Lagrange multiplier that accounts for the 
constraint (|1.2|). In [IS], Luckhaus and Modica proved that if 0 < a < 5 and {ug} is a sequence of 


non-negative minimizers of (1.1), (1.2), uniformly bounded in and converging in L^{n) to a 

minimizer of then 


A. 


2cw{n-l) 


6-1 


( 1 . 20 ) 


Thus the first term in equation (1.15) can be written as 


2W"{a) 


. Our proofs suggest (see (4.23)) 


that minimizers of the energy will in fact be of the form 

^(i(a;, {u = a}) — \ A„,e 


M) 


W"{ay 


( 1 . 21 ) 


It turns out that the first term in equation (1.151 is linked to a small vertical shift in the bulk values 


of minimizers, namely the second term in (1.21). The Tu term in (1.15) is caused by the shift inside 


2 in the first term of (1.21), which essentially pushes the transition layer “outward” along curved 


surfaces. We note that the horizontal shift caused by r„ and the vertical shift in the bulk must be 
in some sense balanced so that the mass constraint is satisfied. 

The term involving Cgym may be thought of as a penalty for directional asymmetry. If the profiles 
are symmetric this term disappears entirely. This term is of order e for any q that we consider. 

On the other hand, if W has subquadratic growth near the wells then the following theorem 
holds: 


Theorem 1.2. Assume that 0,771, IT satisfy hypotheses (2.1)-(2.7) with q G (0,1). Then 


I CX) 


Csym + cwTu)in - l)«;„P({'u = o}; O) 


ifu G Ui, 

otherwise in L^(0). 


Here now r,, is a constant such that 


/ z(t-T„)-sgn„ t,(t)dt = 0. 

JR 


( 1 . 22 ) 


(1.23) 


Note that (1.22) and (1.23) correspond to the case lT"(a) = oo in (1.15) and (1.18) respectively. 


To prove (1.151 and (1.221 we follow the approach of |27j . namely we use rearrangement to reduce 


the problem to a one-dimensional one. However, since we are not imposing boundary conditions 
(1.8) we cannot use standard symmetrization techniques in Hq{VI) (see, e.g., [27l |39l |44] ). Thus 
we implement a different type of rearrangement technique |201124] , which makes direct use of the 


isoperimetric function (1.13). 


In particular, if IT is symmetric about (6-|-a)/2, then the function z in (1.17) is symmetric, and 


so the constants Csym and simplify to give the following: 

Corollary 1.3. Suppose that, additionally, W is symmetric about (b + a)/2. Then for u G Ui we 
have that 


( _ 2C|^(n—1) 

W"{a){b-a)^^ 


*/? = 1, 

ifq<l. 
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Thus in the case q S (0,1), and with isotropic energy, we recover the result of |27) without the 
additional Dirichlet boundary condition (1.8). 


We conjecture that in the case q S (0,1) with symmetric potential, to obtain a nonzero asymp- 

(2) I I 

totic development of order two, one should replace the functionals Je in (1.3) with the family of 
functionals 


77(2) ._ 
£,<? ’ 


— min 


ri/g 


We have not been able to characterize the T-limit of 


( 2 ) 


e,q ■ 


Remark 1.4. A straightforward calculation shows that in the case of the Cahn-Hilliard potential 
W{s) = |(1 — the second-order T-limit takes the form 

Besides their intrinsic interest, Theorems o and |1.2| have important applications in the study 
of the speed of motion of the associated gradient flow in dimension n > 2. Indeed the asymptotic 


development of (1.1) in one dimension has been utilized by many authors to establish the slow motion 


of solutions of the gradient flows associated with (1.1) in different function spaces. We recall that 
the gradient flow associated with Fg in Lf{Tl) without the mass constraint (1.2) is the Allen-Cahn 
equation 

dtu = Au — W'{u), (1-24) 

while mass-constrained gradient flows in Lf{Tl) and H~^{Tl) of Fg are, respectively, the non-local 
Allen-Cahn equation 

dtu = e^Au - W'{u) -\- ^ [ W'{u) dx (1.25) 

Jq 


and the Cahn-Hilliard equation 


dtu = —A{e^Au — W'{u)), 


(1.26) 


each taken with either Neumann or periodic boundary conditions. For background on these equations 
and their applications see, e. g. [32]. The phenomenon of slow motion of solutions to (1.24) was 
analyzed via variational methods first by Bronsard and Kohn |13j for n = 1. They demonstrate 
that if Ue(0) converges in L^{J) to v, with J C M an open bounded interval and v a local minimizer 
of F^^\ and if F’i^^(ue(0)) < -\- Ce^ for some k, then for any 1 > 0 we have the following 

slow-motion inequality: 

lim sup / |Me(a;, t) — u(a;)| da; = 0. (1-27) 

e->0+ 0<t<le->‘ JJ 


A crucial estimate in their analysis is the following higher-order asymptotic estimate: that if ||w£ — 
v\\li < (5 then 

FM > F^^Hv) - Ce’^ (1.28) 

for appropriately chosen C > 0. 


Later similar results were established for the non-local Allen-Cahn equation (1.25), as well as the 


Cahn-Hilliard equation (1.26) (see [131 [T31 133] 1. The strength of these results is that they prove this 
slow motion using transparent variational methods, for initial data that are generic in the sense that 
they only need have small initial energy. Even though the above-mentioned papers do not explicitly 


use the setting of T-convergence, they all rely on asymptotic energy inequalities of the form (1.28) 


which is precisely the lim inf part of the asymptotic development by T-convergence of order 2. 

More recently, a tight, higher-order asymptotic expansion of the family F^ was given by Bellettini, 
Nayam and Novaga |10j . In that paper they use their result to prove a type of slow motion bound. 


6 














Their results match the well-known results of Carr and Pego m, which state that phase bonndaries 
of the Allen-Cahn equation should move at speed . 

In the case n = 1 these slow dynamics are generally understood to be related to the existence 
of slow manifolds, and many works focus on the existence of data that approximately moves along 
a slow manifold. Some critical first works in this direction include [IH1I3I1ISS], while a more recent 
perspective can be found in [5S] and the references therein. It can also be shown [TS] that the time 
it takes to approach the slow manifold from arbitrary initial data is generally very short. 

The slow motion of phase boundaries in higher dimension has been studied by many authors 
(see, e.g., [2 El IH [5]). These works generally focus on the existence of solutions that move very 
slowly, often along slow manifolds. Generally these results require some ansatz on the initial data, 
such as radial data or data parametrized by the distance from a manifold. The requirement of such 
an ansatz in higher dimensions is, in our opinion, due to the lack of higher-order asymptotics of the 


functional (l.I) in dimension greater than one. 

An immediate consequence of (1.3) and Theorems 1 1.1 1 and 1.2 is that when n is a global minimizer 
of J-(i) we then have, for any sequence v^- converging to v, 

for some C > 0. Using exactly the techniques from m it is possible to establish generic, slow motion 
results similar to (1.271, for the non-local Allen-Cahn and Cahn-Hilliard equations in dimension 


greater than one, for data that are close to global perimeter minimizers |51j . We are currently inves¬ 
tigating extensions of this type of result in the more interesting case of local perimeter minimizers. 

One other setting where a type of higher-order regularity has been studied for T-limits is in 
the setting of limits of gradient flows [SS] • Although the types of estimates we derive here are not 
precisely the type that they use to study convergence of gradient flows, they are certainly related. 

This paper is organized as follows. In Section we state our technical assumptions. In Section 
3 we develop our new rearrangement result. In Section 4 we analyze a weighted, one-dimensional 
functional problem. In Section 5 we use the results in Sections 3 and 4 to prove Theorems o and 

O 


2 Preliminaries and Main Assumptions 

In this paper we consider the Cahn-Hilliard functional ( |1.1[ ), where we assume that H C K",n < 7, 
is an open, connected, bounded set with 

£"(H) = I and is of class C^’“, a S (0,1]. (2.1) 

We observe that the restriction to n < 7 is necessary to guarantee regularity of minimizers of the 


problem (1.11) [33E3liai62], while the assumption that £"(H) = 1 is for simplicity (the general 
case follows by a scaling argument). We assume that the mass m in (1.2) satisfies 


a < m < b, 


( 2 . 2 ) 


where a,b are the wells of W, and that the isoperimetric function Xq, defined in (1.13) satisfies the 
Taylor expansion 

1^(0) = In(o™) +2:a(o™)(o - x>^) + O(|o - o™|^+^) (2.3) 


for all 0 close to Vm = (see \1.12 )) and for some jd € (0,1]. As remarked in the introduction, 
for domains of class is semi-concave (see [3]) and so (2.3) holds with /3 = 1 at a.e. 0^ in 

[0,1] (see [3H])j equivalently for a.e. m G (a, 5). 
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We also make the following assumptions on the potential W : K —> [0, oo): 

W is of class C'^(M\{a, 5}) and has precisely two zeros at a < 6, 


W"(s) 


W"(s) 


lim ^= lim " —- := £ > 0, q G (0,1], 

s^a|s-a|9-l |s - 6|9-1 

W' has exactly 3 zeros at a < c < 5, W"{c) < 0, 

lim inf |W'(s)| > 0. 

|s|—>-oo 


(2.4) 

(2.5) 

( 2 . 6 ) 

(2.7) 


Most of these assumptions are standard (see m)- We note that in the case where q = 1 we have 
that £ is simply W''{a). In particular we note that q = 1 when W{s) = — 1)^, which is the 

classical Cahn-Hilliard potential (see, e.g., [H]). While it is possible to deal with different limits at 
a and 6 in (2.5), we do not handle those cases in our analysis for clarity of presentation. 


Remark 2.1. In view of (2.4)-(2.7), we have that there exists an L > 0 and T > 0 so that 

W{s) > L\s\ 

for all \s\ > T. 


Remark 2.2. In view o/(2.4) and (2.5) if follows from de I’Hopital’s rule that 

W{s) £ 


lim 


lim 


W{s) 

s->a |s — 

W'{s) 


= lim 


— = lim - 

s-^a (s — a)|s — s-)-b (s — 5)|s — 


s^b |s — g(l + q) ’ 

W'{s) _ _ £ 

q' 


( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 


In turn, by (2.4), there exist ci,C 2 > 0 such that cf(5 — s)^+'^ < W{s) < c^ib — s)^+'^ for all 
s G 6]. It follows that the solution z of the Cauchy problem ( 1.17|) satisfies 


{b-z{to)) - 


(1 - q)c2 


{t - to) 


<b — z{t) 


< 


{b- z{to)) 2" - 


(1 - q)ci 


(t - to) 


for alH > to > 0 if 0 < g < 1 and 

(6 - z(to))e-"=(*-‘“^ < b - z{t) <{b- z(to))e-"i(*-‘«) (2.11) 

for alH > to > 0 for g = 1, where [•]+ denotes the positive part. In particular, in the case 0 < g < 1, 
since z(0) = c, there exists a constant 

1-9 , ^ 1-g 

2 2 

<tt< 


6-1 


5-: 


ci(l - g) 


( 2 . 12 ) 


02 ( 1 -g) V 2 

such that 

z(t) = b for all t > t^. 

Similar estimates hold near a, so that zft) = a for all t < t^ < 0 when 0 < g < 1. 

In what follows, given a non-empty set E C K™, we denote by ill°, E and E'^ the interior, closure 
and complement of E respectively. We let d{x, E) be the distance from x to E and we define dE to 
be the signed distance function from the set £1, namely 


dE{x) := 


d(x, dE) if X G E^. 
—d{x, dE) it X G E. 


(2.13) 


Also, and "H™ are the m-dimensional Lebesgue and Hausdorff measures, respectively. 

In the remainder of the paper the constant C varies from line to line and is independent of e, 
without further mention. 





























3 A Polya—Szego Type Inequality 


The classical Polya-Szego inequality states that in K" the decreasing spherical rearrangement u* of 
a positive function u G will not increase the norm of the gradient [39l|44]. This permits 

complicated problems in arbitrary dimensions to be reduced to radial, one-dimensional problems. 
For Dirichlet problems it is often possible to obtain similar inequalities for functions on a bounded 
domain fl. Specifically, if rt € HQ(n) is positive then we can use the Polya-Szego inequality in the 
whole space (after extending the function u) to show that ||Vm*||lp(o.) < ||Vu||iP(o). A classical 
example where this technique is used is in the proof of Talenti’s inequality [63]. In this section we 
study a type of rearrangement [ 2 nj . which does not require extending functions to all of K", and is 
thus better suited to analyzing certain Neumann problems. Although many of the techniques are 
identical to those used in proving the standard Polya-Szego inequality, we include all the proofs for 
the convenience of the reader. 

In this section only we assume that il is bounded, connected, has measure £"(n) = I and has 
Lipschitz boundary. Then the isoperimetric function (see (1.13)) satisfies 


Indeed, this bound follows from Corollary 3 in Section 5.2.1 of |2H] (see also [Tj and |21|). By 
considering sets and their complements it is clear that In(ti) = Ia(l — o). We now prove an 
elementary proposition. 


Proposition 3.1. Suppose that In satisfies (2.3) and (3.1). 
Cjq’^(0, 1) such that 


Then there exists a function Iq G 


J()(u)=J^(l-0) for all t>G {0,1), (3.2) 

> Iq > 0 in (0,1), (3.3) 

In{t>m)=I^it>m), I'n{'Om) = {X*n)'{'Om), (3.4) 

Iq(d) = for all 0 G (0,S) (3.5) 

for some Cq > 0 and 0 < ^ < 1. 

Proof. Assume first that Om G (0; 1/2). By (2.3) there exists Co > 0 so that 

12 : 0 ( 0 ) - In(Dm) - Io(0m)(o - 0m)| < Co|o - (3.6) 

for all 0 € (Om — (5, Dm + (5), for all d > 0 sufficiently small. Define 

Io(o) := Ini'Om) -f la(0m)(0 - Om) - 2 Co|d - (3.7) 


for 0 G (Om - d, Om H 
inequality for 0 7 ^ 0 ^ 


5) n ( 0 , 1 / 2 ). Then by ( ph 6 | ). In > In in (Om - Op 
. Moreover 

2 : 0 ( 0 ) > Io(0m)/4 > 0 


S) n (0, 1 / 2 ) with strict 


1 — d, Om + ^) n (0,1/2), for all S sufficiently small. Since Io(o) > T^o(o) for all V G 
+ (5) n (0, l/2)\{Dm}, and since 2:o(o) > CiD”“^ for 0 G (0,1/2) and In is continuous 


for 0 G (o, 

(Om ^5 Oy, 

and positive in [0,1], and is symmetric, we can extend lo to a function 21^ that satisfies (3.2)-(3.5|. 

If Om = 1/2 then 1^(0^) = 0 , by the symmetry of In with respect to 1 / 2 . In turn the function 
In in ( |3.7| ) is also symmetric with respect to 1 / 2 , and so we can define In as in (3.7) for all 
r G {1/2 — 5,1/2 + 5) and continue as before. The case Dm G (1/2,1) follows by symmetry. □ 
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height of ri*. In this case T = 1/2 + I/tt « .82. 


In subsequent sections it is more convenient to work with instead of Xq . The results of this 
section, however, hold when using Xn instead of Xq. 

Our goal now is to construct a rearranged domain 17* such that the perimeter of the set {a;„ > t} 
inside 17* matches the modified isoperimetric function Xq of 17 when evaluated at the measure of 
17* n {xn > I}, in other words so that P(I7* 0 {xn > t}] 17*) = Xq(£"(I7* O {xn > i})) (see Lemma 


To this end we define a function Vq as the solution to the following Cauchy problem: 

jVnit) = VUO) = 1/2. (3.8) 

We can extend X^ to be zero outside of [0,1]. Since X/) is bounded and continuous (see Proposition 


I:={-T,T). (3.9) 


3.1), the Cauchy problem (3.8) admits a global solution Vh : K —>• [0,1]. It follows from inequality 

(3.1) that there is a T > 0 so that 0 < Vh(t) for —T < t < 0 and Vq{—T) = 0. Moreover by equation 

(3.2) we have that Va{T) = 1 and Vh(t) < 1 for all 0 < 7 < T. Define 


3.2 below). 


Observe that Vh is uniquely defined because Xq is locally Lipschitz on any compact subset of (0,1), 
and Xq = 0 outside of (0,1). 

In what follows for y G K" we use the notation y = {y',yn) G x M. Next we define a set 

17* C K", which will be a type of rearrangement of 17. This set is defined by: 

y' G B^_i(0,r(yj)}, (3.10) 


where for t G I, 

r{t) := /' ^a(^n(7)) \ ^ _ /:"-i(i?„_i(0,1)). 

\ / 

Note that the definition of r{t) implies that 

/:"-i(P„_i(0,r(7)))=X(/(l/a(7)) 


for all t G I. 

The following lemma motivates our choice of the Cauchy problem (3.8). 
Lemma 3.2. For any t G I the following equalities hold: 


Vn{t) = c^{n*n{yr.<t)), 
X^)(t/n(7)) = P({y„<7};17*). 


(3.11) 


(3.12) 

(3.13) 
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Figure 3: A piecewise constant function, its decreasing rearrangement, and the corresponding gu 


Proof. We prove equation (3.121 by using Fubini’s theorem, equation ( |3.11 1 , the Cauchy problem 
(3.8), the fundamental theorem of calculus, and the fact that Vq{—T) = 0, in that order: 


c^{n* n {?/„ <t}) = J n {?/„ = 4) ds 


f-T 

rt 


I^{Vn{s))ds 


f-T 


= Vn{t)-Vn{-T) = Vnit). 


Equality (3.13) follows immediately from equation (3.11) and definition (3.10). 


□ 


Now given any measurable function u : 17 
£”({m > s}) and the following function: 


guit) := sup{s e K : £i„(s) > Vh(t)}. 
We then define a function it* : 17* —>■ K as follows: 


, we define the distribution function £»u(s) := 

(3.14) 


u*iy\yn) ■= guivn)- (3.15) 

The first important property of our rearranged function can be summarized by the following 
lemma: 

Lemma 3.3. Let it : 17 —> K 6e a measurable function. Then the functions u* and it are equimea- 
surable, meaning that = gu* ■ This implies that for any Borel function t/> : K —>■ M, 

[ 'ijj{u)dx= [ ip{u*)dy= [ if{gu)T^{Vn)dt, 

JQ JQ* JI 

assuming that the previous integrals are well-defined. In particular the norms of u and u* are 
preserved, as well as the integral ofW ou. 

Proof. First we note that, by standard arguments, is decreasing and right continuous and that 
gu is decreasing and left continuous (see, e.g., [U], p. 478). 

Let h{t) := sup{s : gu{s) > t}. Since is decreasing we have that 

gu*{t) = C'^iiy e 17* : guiyn) > t}) 

= £"({1/ e 17* : i/„ < h{t)}) = Vn{h{t)), 

where in the last equality we have used Lemma |3.2| 
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We then claim that Vn{h{t)) = Quit). To see this observe that since Iq > 0 in (0,1), by (3.8) we 
have that Vq is strictly increasing and of class in I. Hence: 


Vn{h{t)) = Vh(sup{s : g„(s) > t}) = sup{Hn(s) : 5 „(s) > t} 

= sup{Vh(s) : sup{>f : p„(>f) > Vh(s)} > t} 

= sup {/0 : sup{>f : gu{x) > p} > t}. (3.16) 

For every p such that sup{>f: > p} > t, there exists k > t such that > P- But since 

Qu is decreasing we have that Quit) > Quix) > p, which then shows that 


Vh(/i(t)) = sup{p : supjxr : Qui>c) > p} > t} < Quit). 


Now if Vdihit)) < Quit), then Vn(/i(t)) < Quit) — e for some e > 0. 
implies that 


supjxr: Qui>c) > Quit) - e} <t. 


By equation (3.16) this 


By the right continuity of for some 5 > 0 we have that Quit + (5) > Quit) — e, which violates the 
previous inequality. This then implies that Quit) = Vh(/i(t)) = for all t, which is the desired 

conclusion. 

To see the integral equality stated, we note that (see, e.g., Theorem B.61 in [H]): 


ijjiuix))dx= / ipis)dQuis)= / ipis)dQu-is) = / tljiu*iy))dy. 
1 Jr Jr Jn* 


This concludes the proof. 

□ 


Next we prove that the operation of rearrangement is a contraction in . It should be possible 
to prove a more general version of this proposition, but this suffices for our purposes. 

Proposition 3.4. Suppose that ui,U 2 & L^i^)- Then 


~ < ll^l — U 2 ||Li(a). 


(3.17) 


Proof. By the definition of u* (see (3.14) and ( |3.15 )) we have that if ui < U 2 then u'l < u^. In fight 
of Lemma 3.3 we may apply Proposition 1 in |25) . which states that a mapping from to that 
preserves integrals and is order preserving must be a contraction in L^, to obtain (3.17). □ 

Next we prove a lemma stating that truncation and rearrangement commute. This will later 
allow us to establish that the rearrangement of a Sobolev function is still a Sobolev function. 

Lemma 3.5. Let it : H —>■ M 6 e measurable. Given si < S2, let Trs^^s 2 (s) := (s V si) A S2jS G R. 
Then the following equality holds: 

Trsi,^2(it*) = (Tr,^,^,(ii))*. 


Proof. Set V := Trs,^^^^(it). By definition (3.15) it suffices to show that Tts,^^s 2 9u = Qv. Let ti := 
sup{t : Quit) > S 2 } and ^2 := inf{t : Quit) < si}. 

Step 1: By Lemma [3.3| and the definition of truncation we can deduce the following: 


/:”({Tr,,,,,(it*) = S2}) = £"(K > S2}) = C^i{u > S2}) 
= £"({i; = S2}) = /:"(K = S2}). 


As Qu is decreasing we find that for t < ti, Trs.^^^s 2 9uit) = S 2 . Since pu is decreasing and is 
bounded above by S 2 the previous chain of equalities implies that for t < ti we have that pu it) = S 2 , 
which then implies that Pvit) = Tr^j^s^ Quit) for such t. 
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Using an identical argument we find that for t > t 2 we have that Trsj^^g^ (t) = gy{t). 

Step 2 : Next we consider t € (^ 1 ,^ 2 )- First, for s G (si,S 2 ) we have that Pu(s) = gv{s)- Next, 
we note that for t G (^ 1 ,^ 2 ) we have that gu(t) G (si,S 2 ) and that gv{t) G (si,S 2 ). Thus we can 
write the following for t £ 


Trsi,s2(5«(0) = 9u{t) = sup{s £ M : £)„(s) > Vh(t)} 

= sup{s £ (si, S 2 ) : gu{s) > Vh(t)} 

= sup{s £ (si, S 2 ) : gv{s) > Vh(t)} 

= sup{s £ K : gy{s) > Vh(0} = 9v{t)- 

Step 3: As Trs^^s 2 (g„) and g^ are both left continuous, we then have that Trs-^^s 2 9u = gv 
everywhere, as desired. □ 

Next we state a simple identity related to level sets of functions. This is well-known (see |21)1. 
but we include the proof for completeness. 

Lemma 3.6. For u £ lU^’^(n) there exists a representative of u such that the following equality 
holds for all Si < S 2 : 

f \S/u{x)\~^ ds = C'^{{x G ft : u{x) G {si,S 2 ),'^u{x) 0}). (3.18) 

{it—s,Vu^0} 

Proof. Let := {e + \\/u\)~^. By the coarea formula (see [28]) we hnd that: 



/{si<U<S2, VltT^O} 


Hg\Wu\dx= / Hg\Wu\dx 

J {si<lt<S2} 


n 

«/ Si J u 


H.d'H^-^ds. 


Si J u~^ (s) 


□ 


By noting that iLe —monotonically in the set {Vu ^ 0}, we find that (3.18) holds. 

Next we state and prove a simple lemma, which is essentially an isoperimetric inequality. 
Lemma 3.7. Given u G for any t the following must hold: 

P({m* > t};n*) < P({m > t};n). 

Proof. As gu is a decreasing function (see ( |3.14 |), we note that the set {u* > t} is actually a set of 
the form {?/„ < s} or {?/„ < s}. Since hyperplanes have £” measure zero, by Lemma 3.2 we have 
that 

Un(s) = /:’^(^l*n{y„<s}) = ^^„.(^). 


By then recalling that u and u* are equimeasurable (see Lemma 3.3) and by Lemma 3.2 we have 
the following: 

Pi{u* > t};n*) =I*^{gu-{t)) = mguit)) <Ia{guit)) 

< P({u > t};fl), 


where we have used the fact that IX < Iq and (1.13). This concludes the proof. 


□ 


Next we prove two lemmas that are preliminary to establishing our Polya-Szegd type result. 
Lemma 3.8. Given u G BV{Pl), we have that u* G BV{PL*) and that the following inequality holds: 


Jl^{Vn{s))d\Dg^\{s) = \Du*m*) < \Dum). 
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Proof. By Lemma 3.3 we have that u* G L^(fl*). By (3.14) and by the fact that is decreasing, it 
follows that gu € BV\oc{I) (see, e.g.. Theorem 7.2 in |44j h 

Moreover by our definition of u* (see (3.10), ( |3.11| ), (3.14), and Lemma 3.3) we can write the 
following: 


|Du*|(fl*) = sup / (j){y',yn)dy'd{Dgu){yn)-(l)^Co{VL*),\\4)\\co<l 


= sup ■ 


■,yn)dy' d{Dgu){yn) : <(> G (70(11*), ||(()||co < 1 


\^J I \J B„-i{0,r{y„)) 

= sup{y lQ{Vn{yn))'tf{yn) d{Dgu){yn) ■■ tp G Co{-T,T),\\'tp\\co < 1 

= Jl*^{Vn{yn))d\DgJ{yr.). 

Next we utilize the coarea formula and Lemma 13.71 as follows: 

|Z)u*|(ll*)= [ Pi{u* >t}-,W)dt< [ P{{u>t};n)dt=\Du\{Pl). 
This proves the desired lemma. 

Lemma 3.9. Given u G IT^’^(ll), it follows that u* G VL^’^(f2*). 


□ 


Proof. By (3.15) and Lemma 3.8 it suffices to show that gu is absolutely continuous on any sub¬ 
interval [to, ti] compactly contained in /, that is, that for any e > 0 there exists i5o > 0 such that for 
any finite collection of non-overlapping subintervals (a^, bj-) of [to, ti] satisfying X)fc=i(^fe ~ — *^0 

we have J2k=i \9u{bk) — gu{ak)\ < £• Fix e > 0, and let S be small enough such that for any 
measurable E C Pi with £”(£') < <5 the following holds (see (3.3|): 


/ |VM|(ia:<e min lQ{Vn{t)). 
Je te[to,ti] 


(3.19) 


Now consider any finite collection of non-overlapping subintervals (afc,6fc) of [^ 07 ^ 1 ]: satisfying 

N 


- ak) < 


k=l 


Jj!j(Vh(t))' 


(3.20) 


The following estimate holds by (3.8l, (3.12), (3.14), (3.15), Lemma 3.3 and (3.20): 

/ N \ 


^ ^ * 9u{bk) < u{x) < guiak)}j 

N 

= e : 9u{bk) < u’^iy) < guiak)}) 


/c=l 

N 


N 


- - Vh(afc)) < max X^{Vn{t))^{bk - ak) < S. 

“ ieto4i] “ 

k—1 k—1 


(3.21) 


Next, set si := gu{bk) and S 2 := gu{ak) and let v := Tr^i^sj u. As the pointwise variation and 
the total variation of the decreasing and left continuous function gu on an interval coincide (see 
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Theorem 7.2 in |44j ). by applying Lemma 3.5 Lemma |3.8| above we obtain 


min ,^n{yn(t))\gu{ak) - g„(&fc)| 


< [ \*^{Vnit))d\Dg^m= fl*^{Vn{t))d\DiTTs„s,gu)m 

J ah JI 

|Vm| dx. 


= |i:)v*|(12*) < = f 

We then find the following: 


{gu{bk)<u<gu{ak)} 


min In(Vh(t)) V |g„(afc) - ff«(&fc)| < 

iG[to,til 

< min {I^{Vn{t)))e, 

tG[to,ti] 


Ufelsii ) <“<Sii (“)!) 1 


|Vm| dx 


where we have used (3.19) and (3.21). This implies that gu is absolutely continuous on [toj^i]) as 
claimed. 

□ 


Now we prove the main result of this section. 

Theorem 3.10. If u G lT^’^(r2) for 1 < p < oo then u* G and furthermore: 


[ \g'JPr^{Vn)ds= [ \yurdy< [ l^ul^dx. 

JI Jq* Jq 

Proof. Lemmas 

the previous lemmas to show that u* G lT^’^(n*), because ft has finite measure. 

Next we note that the following equality holds (by using the coarea formula) 

g^{t)=C^{{u>t}r]{Vu = 0})+ f f \\’u\-UH^-Us=: f^it) +f^{t). (3.22) 

Jt s, Vn^O} 

Clearly f^ is absolutely continuous, and /“ is decreasing. Thus by the Lebesgue differentiation 
theorem (see Theorems 1.21 and 3.30 in [44]), is differentiable for a.e. t, with 

g'M<- f \Vu\-Un^-\ (3.23) 

J {u—t,'Vu^0} 

Next we claim that (following [3T]) for a.e. t, 

|/r‘ (t) = > t, Vu* = 0}) = 0. (3.24) 

To establish this claim, we first note that for any open interval J we have the following 

C^{gu{J)) < \9'u\ds. 

By approximating measurable sets with disjoint open intervals we can then establish that 

d^\9ui{g'u = 0})) < f \g'Jds = 0. 

d{gL=o} 


3.8 and |3.9| immediately give this inequality if p = 1. For p > 1 we can still apply 
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Following ^21 we then find that 


= 0 })) = CHguHgl = 0 })) = 0 . 


Thus there exists a Borel set Fq in K so that £^(Fo) = 0 and so that 'u*({Vu* = 0}) C Fo- 
We then claim that for any Borel set _B in M we have that 

\Dff\{B) = £"(K)-i(B) n {Vu* = 0}). 


To see this, we first note that /“ is right continuous and decreasing. We then have that 


\Dffm,t^)) = /“*(£) - hm_ ffm) 

t—>*2 

= C^{{u* > ti, Wu* = 0}) - lim_ > t, Wu* = 0}) 

= /:"(K > h, Vrt* = 0}) - £^({u* > t 2 , Vu* = 0}) 

= /:"((w*)-i((ti,t2))n{V7r* = 0}). 


As both |F/“ I and £"((w*)“^(-) n {Vm* = 0}) are Borel measures, and as they are equal on 
open intervals, they must be equal on all Borel sets. This and the fact that m*({Vu* = 0}) C Fq 
immediately give that 

\Dff\(R\FQ) = £"(K)-i(K\Fo) n {Vu* = 0}) = £"(0) = 0, 


which proves (3.24). Utilizing (3.22) this then immediately implies that for a.e. t, 


8u4t) = -[ \vu*\-Un' 

J {u*—t ,'V u* ^0} 


(3.25) 


By the coarea formula we can write the following: 


\Vu*\Pdy = 


' r2*n{Vu*^o} 


\Vu*\Pdy 


\Vu*\P-^ dW^-^ dt. 

{u*—t, Vu*^0} 

By ( |3.15 ) we know that Vu*{y) = (0,g(j(j/„)) G x M. Since gu is decreasing we have that the 
set {u* = t} is a set of the form {y : j/„ G J, y' G r(2/„))}, for some (possibly degenerate) 

interval J, with endpoints ti < If = ^2 then clearly Vu* is constant on the set {u* = t}. If 
ti ^ t 2 then g'^ is zero on the set (ti,t 2 ), and is either zero at ti,t2 or is undefined. Since Vu* is 
constant on level sets of u* (where it’s defined) by Lemma 3.6 with u* in place of rt, we can then 
write 


\Vu*\Pdy = 


(I{u* = 


By (3.25) we have that 


\Vu*\Pdy = 


p({u* > t}]n*)p 


dt. 


{-QUt))P-^ 

Next we utilize Lemma 13.31 and Lemma 13.71 to find that 

p({u > t}-,n)p 

i-8'uit))P-^ 


\Vu*\Pdy < 


dt. 


dt. 
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Next (3.231 gives 


/n* 


\^u*Y‘dy < 


P({u>t};»F 

V{{u>t}-^y (f 

{n--^{{u = t,vu^ o}))(p-i) [J[u=t,vum 


\ -(p-i) 

|Vu|“^d/.tt) dt 


< 


p({u > t}-,n)p 


Jm l({u — t, Vu 7^ 0}))(p J{u=t,Vu^O} 

[ [ \vu\p-Un'^-Ut, 

Jr Jiu—t\ 


|Vm|^^ dutdt 


where we use Jensen’s inequality with /(s) := s ^p and the probability measure 


yt ■■= 


■ = Vwy^O})' 

The result then follows after applying the coarea formula. 


□ 


Remark 3.11. In this section we have considered a rearrangement of the function u, via the decreas¬ 
ing function : / —>■ M. However, all of the arguments would hold for an increasing rearrangement. 
Indeed, by utilizing (3.2) and by Lemma 3.3 for any Borel function ip : M. ^ [0,oo), the function 
fu{t) '■= 9u{—t) satisfies the following 


[ '^{fu{t))T^{yn{t)) dt = f ip{guit))lQ{Vn{t)) dt = [ ip{u)dx, 

Ji Ji Jn 

[ \mn^{Vnit))dt= [ \gUt)n*n{Va{t))dt< [ \Wu\p dx. 

Ji Ji Jn 

We chose to work with the decreasing rearrangement in this section because that is the standard 
convention chosen in the literature involving rearrangement. However, we will work with the in¬ 
creasing rearrangement fu of u in subseguent sections because we prefer to think of phase transitions 
as increasing functions. 

The following corollary is the motivation for our development of the rearrangement in this section 
and is a simple application of Lemma |3.3| and Theorem |3.10[ 

Corollary 3.12. Let u G H^{n). Then the following ineguality holds: 


Moreover 


W{u)+e^\3Ju\^dx> [iWifu)+e\fif)T^{Vn)dt. 
! Jl 


udx= f fu'lQ{VQ)dt. 
> Ji 


(3.26) 


A ID Functional Problem 

one possible avenue for studying the T-liminf of is to study the 


3.12 


In light of Corollary 

weighted, one-dimensional functional in (3.26). This was precisely the approach in where the 
radial case was studied. Because we do not have a specific form for Iq{Vq), it is necessary for us 
to consider a much more general class of weights. The general weighted case, to our knowledge, has 
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only been studied in |43j . They studied monotonicity properties of minimizers along curved strips 
in Our work focuses on an entirely different question and applies to a wider class of weights. 


We recall (3.9), namely 


7:= {-T,T). 


In this section only T may be any positive number. We will assume that the weight rj satisfies the 
following: 


rj e 7? > 0 in /, 

di{t + < r]{t) < d 2 {t + for 

dsiT - < 7j{t) < di(T - for 

d5ii{t) 


W{t)\ < 


min{T — t,t + T} 


for 


te {-T,-T + t*], 
tG [T-t*,T), 

t G I ^ 


(4.1) 

(4.2) 

(4.3) 

(4.4) 


for some constants /3 G (0,1], c?i,..., ds > 0, rii, n2 G N and t* > 0. These assumptions are naturally 
satisfied if ir]{t) = J()(Vh(t)). 

Remark 4.1. Two important weights are covered in our analysis. The unweighted case g = 1 can be 
recovered by taking ni = n2 = 1 and di = \ for i = 1,..., 4, while the radial weight g{t) = (T + t)"“^ 
can be obtained by taking ni = n, n2 = 1, di = ^2 = 1 and appropriate d^ and d^. Both of these 
cases have been previously studied by various authors (see, e.g., 

By way of notation, we will write Lp to be the space LP{I;M., g), where p > 1. We will also write 
BVrj to be the space BV{I;M.,g) with weight g, meaning that 


\\v\\bv„ ■■= Ht)\g{t) dt + g{t) d\Dv\{t). 

For V G BVri we will also write the weighted total variation of the derivative in the following manner 

\Dv\r,{E)= f g{t)d\Dv\{t). 

J E 

We will write to be the analogous weighted version of . We conduct our analysis in the 
weighted spaces because it is the natural setting for this variational problem. 

In this section we study the functional 


Ge{v):= J{W{v)+e^{v'f )gdt, u G 77^, 


subject to the constraint that 


I vg dt = m G j gdt,b j gdt ] . 


(4.5) 


(4.6) 


We extend to by setting G^iv) := oo v G or if (4.6) fails. 


4.1 Zero and First-Order F-limit of 


We begin by establishing the zeroth-order T-limit of the functional G^- 


Theorem 4.2. Assume that W satisfies hypotheses (2.4|-(2.7) and that g satisfies hypotheses (4.1)- 
(4.4). Then the family {Gg} T-converges to G^°^ in Ly where 


G‘'°\v) := 


Jj W{v)gdt 
oo 


if V G and Jj vg dt = m, 
otherwise in L^. 
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Proof. For the liminf inequality assume that > u in By utilizing Fatou’s lemma along with 
(2.4) we have that 

liminf GeIwe) > liminf [ W(ve)r]dt> [ W{v)r]dt. 

£->■0+ £->-0+ J J JI 


For the limsup inequality, we begin by assuming that v is bounded and satisfies ( |4.6[ ) (the case 
where v does not satisfy (4.6) is trivial). Let (fs be the standard mollifier, let h be u extended to all 
of K by zero and consider {ig := * v, where we select so that ||n — hgHii =o(l) and so that 


J{v'^)^T]dt < Ce 


We then select dg G K so that Ve := zig + dg satisfies (4.6). It is evident that dg = o(l). Finally, 
by the Lebesgue dominated convergence theorem we have that 


lim / W(ve)r]dt= / WMrjdt, 

£^ 0 + Jj Jj 

which gives the desired result for v bounded. Now if u G and f, vq dt = m we can construct a 
sequence {vk} of truncations of v, so that W{vk) < W{vk+i) (see |2.6| )) and so that JjVkr]dt = m. 
Since the F-limsup is lower semicontinuous (see Proposition 6.8 in |26|1. by applying the Lebesgue 
monotone convergence theorem we have that 


■ lim sup Gg (n) < liminf F-limsup Gg(ufc) < liminf / W{vk)ridt= / W{v)rjdt^ 

k—>00 k—>00 Jj Jj 


which concludes the proof. 


(4.7) 

□ 


Clearly we have that inf G^°^ = 0, and thus 


G^^^(z;) = e iGg(t>) = J + e\v'rj dt 


(4.8) 


for all V G satisfying (4.6), and Gi^\v) = oo otherwise in We now state a compactness 
result, which utilizes arguments from |30j . 


Proposition 4.3. Let Vg G be sueh that supgGi^^(ng) < oo. Then up to a subsequenee Vg 
V G C in L\, where 


C := {v G BVri{I; {a, b}) : v satisfies (4.6)}. 


(4.9) 


Proof. We first show that {z^g} is uniformly bounded in and equi-integrable. This is since, by 
applying (|2)^, 


'\ve\>f 

which, in turn, implies that 


f \vg\r]dt<L ^ f W{vg)ridt < CeG^g^\vg) < Ce, 
J\vA>f Jl 

/ luglr^dt^r / rjdt + Ce. 


As Jj r] dt < oo and using the fact that any finite collections of functions in is equi-integrable, 
we obtain that the sequence {ug} is bounded in and equi-integrable. 

Next, define 


VFi(s) := min{W(s), AT}, <i)i(t) := f Wl^^{s)ds, 

J a 


(4.10) 


19 









where K := W{s). Using Young’s inequality, and the fact that 0 < Wi < tU we have that 

2 J^Wy^(v,Ul7)dt < G(^\v,) < C. 

Utilizing the chain rule, we find that 


|($i ov^y\r]dt < C. 


Furthermore, as <i)i is Lipshitz and $i(a) = 0, we have that <i)i o is uniformly bounded in 
This then implies, by BV compactness, that, up to a subsequence, not relabeled. 


$1 O Ve 


V in 


for some function v G BVj^. It is easy to show, using (2.6), that $i has a continuous inverse. This 
implies that, up to a subsequence, must converge pointwise to v := Thus, up to a 

subsequence, the Vg converge in to v. Using Fatou’s lemma and the fact that sup^ Gi^\ve) < oo, 
it must be W{v{t)) = 0 for a.e. t € J, or, in other words, that v S LUl;{a, b}) by (2.4). As h G i?U„ 


this implies that v G {a, 6}). The convergence of the Vg then implies that v satisfies (4.6). 

This concludes the proof. 

□ 

We now state the first main theorem of this section, which characterizes the first-order F-limit 
of G,. 


Theorem 4.4. Assume thatW satisfies (2.4)-(2.7) and that rj satisfies (4.1)-(4.4). Then the family 
T-converges to the functional 


I oo otherwise in 


(4.11) 


where Cyv is the constant given in (1.10) and C defined in (4.9). 
We note that here 


\Dv\^ = {b- a)^r]{U), 


where ti are the locations of jumps of the function v. We also note that Propositionand Theorem 
4.4 are completely analogous to classical results (e. g. [49l[60]) in the unweighted, higher-dimensional 


case. 


Proof. We first characterize the F-limsup. Specifically, given a n G C, we construct a family of 
functions that converge in to v satisfying 

\imsupGi^\ve) <G^^\v). (4.12) 

£—>■0 + 

To begin with, we assume that v is of the form 


v{t) 


a if t G [t2k,t2k+l), 
b otherwise. 
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where —T = to < ti < ■ ■ ■ < t 2 N = T. Define 


fit) ■■= 


t — ti 

- min{i - t 2 k , t 2 k+i - t} 
min{t - t 2 k+i,t 2 k +2 - t} 

t — t2N-l 


if t e [to,ti), 

if i G [t 2 k,t 2 k+i), and A: > 1, 

if f G it 2 k+i, t 2 k+ 2 ], and A; < iV - 1, 

if A G [A2Af-i,A2Af)- 


Observe that / is the signed distance function (see (2.13)) of the set E := {t G I : v{t) = a}, where 
we naturally are considering dE relative to J, not M. We note that u(A) = sgn^ where sgn^j 

is the function given in (1.19). Thus our goal is to construct smooth approximations of the function 
sgn^ j, that make the energy small. 

We will follow the construction of [JH 
for completeness. Consider the function 


Although the argument is almost identical, we include it 


:= [ ( - ' dr, 

Ja \e + W{r)J 


and define the constant 




We note that since W > 0, equation (4.13) gives 

0 < < {b— 


(4.13) 


Note that dte is strictly increasing and differentiable. Now define </)£ : [0, —>■ [a, b] to be the 
inverse of on the interval [a, b]. By the fundamental theorem of calculus and the inverse function 
theorem will satisfy the equation 

e<(.;(A) = (e + W(<).,(A)))i/2. 

Next, extend 4>e to be equal to a for t < 0 and 6 for t Note that for all A G K we have that 

^e(A) < sgn^j j,(t) and that (f)e{t + ^e) > sgn^ ;,(t). Thus as u G C we can find a G (0,^e) that gives 


J (/^eifit)+Te)r]it)dt = m. 


Define Ue(A) := (/>e(/(A) + re). As {ue} converges to v pointwise and |ue| < C we have that Ug —>■ u 
in Ll^. We then examine the energy associated with Vg, when e is sufficiently small that transition 
layers do not overlap or leave I: 


2N-1 

= XI / i^if^'eit))^ ^^iMt)))v{tk + it-T,)i-lf+^)dt 

fc=l -AO 
27^1 

-X / 2(e +W((/)E(A)))A/2,^;(t)77(4 + (t-TE)(-l)'=+A)dA 

fc=i -AO 
2N-1 

< X sup{? 7 (Afc 

k^l 
2N-1 

= X sup{?7(Afc 


+ (s-'re)(-l)*''^^) : sG(0,Ce)} / 2(e +W(()>E(A)))A/2^;(t)dt 

Jo 

+ (s -'re)(-l)''"^^) : S G (0,^e)} f 2{e + W{s)yt'^ ds. 
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Thus taking the limit as 5 —)■ O'*" we find that 


2N-1 


limsupG'(^^(t>£) < 2cw/ W r]{tk) = G^^\v). 

e—>-0+ 


fc=l 


The cases where v has a finite number of jump points, but starting or ending at different values than 


we assumed are analogous. Reasoning as in (4.7), by noting that functions with a finite number of 
jumps are dense in C, and as the T-limsup is lower semicontinuous, we then have (4.12[). 


Next we will establish our T-liminf. Assume that ^ v in L^. By Proposition 4.3 if v ^ C 


then liminfg_,,Q+ = oo, and there is nothing to prove. We claim that for any sequence {t’e} that 
converges in to some v G C the following inequality holds: 


liminfGW(?;e) > G(i)(u). 
£->■0 + 


(4.14) 

To establish this inequality we use Young’s inequality, the chain rule and lower semicontinuity of 


\BVr, (see, e.g., [33]) and the definition (4.10) as follows: 

liminf G^^Vug) > liminf [{e~^Wi{vs) + £{v'Y)'q dt 
£-> 0 + £->- 0 + 

> liminf 2 [\{^i o VsYlr] dt > 2 [ r]d\D^i(v)\ 
£-*■ 0 + Ji Ji 


= 2 / r]d\D^{v)\ = [ rid\Dv\ = G^^\vo). 

Ji 0-a Ji 


Here we have used the fact that $1 o Vg converges to <i)i o t; in (because $1 is Lipschitz), and the 
fact that $1 o u = $ o where $ := W^/‘^{s) ds. This proves the claim. 

Properties of P-limits |2S| along with Proposition 4.3 then establishes the following corollary. 


□ 


Corollary 4.5. Under the hypotheses of Theorem 4-4 'i’f Vg are minimizers of G^e'^ then, up to a 
subsequence, they converge in to v which is a minimizer of G^Y _ Furthermore the Vg will satisfy 
the following 

lim Gi^\v,) = G(^)(u). 


£->■0+ 


To conclude this subsection we prove two theorems that will be important later in our analysis. 
We select to so that 

vo{t) :=sgn„ .(t-<o) 


satisfies (4.6). By (4.1) it is clear that to is uniquely determined. We note that in general, vo is not 
a global minimizer of G^^^. However, we prove here that vq is an isolated local minimizer of G^^^ in 




Theorem 4.6. Assume thatW satisfies (2.4)-(2.7) and thatp satisfies (4.1)-(4.4). Then there exists 
i5 > 0 such that wq is an isolated 6-local minimizer of G^l in Ll^, that is, there is no vi G C (see 
(4.9)j, with 0 < ||wi — uoll^i < 6 such that 


GW(ui) <G(i)(uo). 

Proof. Assume by contradiction that such vi exists. By continuity of rj, for every e > 0 there is 
te > 0 such that 

\r]it) - r](to)\ < e (4.15) 
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for all t £ [to — re, to + re]. Let Mq := max \r]'\ + 1 and fix 


^ rr. , . dinir]{to) d3n2r]{to)\ 
0<ro<min<j ,T-to,T + to, j- 


( 4 . 16 ) 


where t*,ni,n2 and the constants = 1 .. .4 are given in ( 4 . 2 1 and ( 4 . 3 ). Then define 

do ■= [—T + Xo,T — ro], 


and fix 


0 < Cl < min{min 77,77(^0)72} 

lo 


in ( 4 . 15 ) and let re^ be the corresponding re. 

Step 1 : We claim that ni has a jump at some ti S B{to,Xei). If not, then either 777 = a in _B(to,rei) 
or 771 = & in B{to,Vei)- Assume that 771 = o in i?(to,reJ. Then by (| 4 . 15 1 , 


6 > 


/B(to,r£j) 


\vi — vo\ri dt > {b — 


where we used the fact that 0 < ei < rj{to)/‘2.. Since the case 77i = 6 gives an identical estimate, the 
claim follows provided 


0 < d < (6 — a) 


d(io). 


Step 2 : We claim that 77i has no jump other than ti in Jq. Indeed, assume that there is a second 
jump t2 ^ ti in /q. Then by ( | 4 . 15 ) and Step 1 , 

G^^^( 77 i) > 2 cwir]{ti) + 77(^2)) 

> 2 cwi'r]{to) - ei + min77) > 2 cwri{to) = 
lo 

where in the last inequality we used the fact that 0 < ei < min/j, 77. This is impossible since we are 
assuming that G^^)(77i) < G^^^(7;o). 

Step 3 : We claim that 77i jumps from a to 6 at ti. Suppose not, and suppose that ti < to- Then 


6 > 


I B{to,tcB 


ki ~ 'yo|77 dt > {b — a) re 


which again leads to a contradiction if S is chosen small enough. The case ti > to is analogous. 
Step 4 : We claim that ti = to- Indeed, if ti > to, then 


0 = / (wi - 770)77 dt = 


-T+to 


l-T 


(771 — 0)77 dt+ {a — b)r] dt + 


>T-vo 


(771 — 6)77 dt, 


which implies, as the last two terms are negative, that there must be a jump t^ that belongs to 
(-T,-T + ro), with 


0 < 


v{to) 


{b — a){ti — to) < / {b — a)T] dt < {b — a) / rj dt < d2{b — a) 


'to 


l-T 


(T + to)^ 

ni 


( 4 . 17 ) 


where in the last equality we used ( | 4 . 2 [ ), in conjunction with ( 4 . 16 ). By the mean value theorem and 
inequality ( 4 . 17 ), for some 0 e {to,ti), 

= vito) + 'n'{e){ti - to) > r]{to) - Mo\ti - to! 

. . 2AfQC?2 / \r) 
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Hence by ( 4.16[ ), 

G''^\vi) > 2cwiviti) + Vih)) 

> 2cwv{to) — 2cvy-+ ^ 3 )"^ + 2,cwdi{T + 

nir]{to) 

> 2cw'n(to) = 

which violates our assumption. The case ti < to is analogous. This proves that ti = to, and so 
^ 2cw77(to) = G(^^(uo), which implies that = G^^^(uo). In particular, wi has no 

jumps in I\Io- But then vi = Vo, which is a contradiction. This completes the proof. □ 


We have seen in Theorem 4.6 that vo is a local minimizer for G^^^. In general vq will not 
be a global minimizer without further assumptions on t] (e.g., 77 = constant). However, for the 
applications in the u-dimensional case later on it will be important to study a type of second-order 
asymptotic development of Gg where in the definition of G^^^ (see ( |1.3[ )) in place of inf G*-^^ we take 
G^^^(wo). We will see that this corresponds to studying the second-order asymptotic development of 
the localized functional 

Ge{v) if ||u - uoIIli < (5, 

00 otherwise. 


Jeiv) := 


(4.18) 


When we apply the following theorem in n-dimensions we will need slightly weaker assumptions on 
rj, and thus this theorem differs in its assumptions. 


Theorem 4.7. Assume that W satisfies (2.4)-(2.7), and that 77 : / —> [0, 00 ) is measurable, bounded, 
differentiable at to, 77 (to) > 0 and 


\vit) - vito) - v'(to)(t - to)| < C\t - to\^~^^ 


(4.19) 


for some constant G > 0 and for all t in a neighborhood of to- Then there exists a sequence {ug} 
converging to vo in so that 


lim sup 
£-> 0 + 


Gi^^Ue) - 2cwvito) 


< 2ff(to){ToCw + Csym) 


I 2W"{a) Jl 

lo 


hvds 


*/? = !, 

*/? < 1, 


(4.20) 


where cw and Csym are given by (l.IO), (1.16), tq is determined by the equation 


^0 


Vito) / (z(a-ro)-sgn,,,)ds= ^^"G)J/ 

jR U 


hvdt 


i/l < 1, 


where z is the solution to (1.17) and Aq is defined by 

_ 2r]'{to)cw 
{b-a)r){to)' 

Proof. Step 1: Assume 9 = 1. Define zfft) := zffzz^^ and then define 


vfft) ■■= Ze{t - ETe) - 


XqE 

IT" (a)’ 


(4.21) 


(4.22) 


(4.23) 


where is selected so that (4.6) is satisfied. We first claim that 


lim Te = To- 
£—>0 + 


(4.24) 
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To this end, we can write, via (4.6), 


j v^r] dt = j VQrj dt = m. 

In turn this implies that 

- £Te) - z^{t - eTo))r] dt = - to) - z,{t - eTo j)r]dt 

rj dt. 


sAn 


IT" (a) 

After the change of variables s = we can write the right-hand side as 
^ /-T-to *^®sna, 6 (s) - z{s - To))r]{es + to) ds + ^^^77^ J 

E 

By our choice of tq (via ( |4.21 1) and (1.19) this is equal to 

T-tp 

e / . (sg^aAs)-z{s-To)){T]{es + to)-r]{to))ds 


r] dt. 


- £v{to) 


{a - z{s - To)) ds - £r]{to) / {b - z{s - tq)) ds. 


(4.25) 


(4.26) 


(4.27) 


By (4.19) there exists a i?o > 0 such that |? 7 (t) — r](to)\ < (|V(^o)| + 1)1^ — ^ol for all t G B{to,Ro)- 
Since rj is bounded by assumption, we thus have for all t G I\B{to, Ro), 


\ri{t) - ri{to)\ < 2\\r]\\^ < 2- 


i?n 


'-\t-to\- 


Hence for all t G / we have that |? 7 (t) — ?7(to)l < ~ ^ol for some > 0. Thus, using (2.11), the 

first term in (4.27) can be bounded by 


2(6 — a)£ 




e ‘^^^‘^^\r]{£s + to) — r]{to)\ds < 2{b — a)Cr,£^ / e |s| ds. 


<^lTl 


By (2.11) we know that the last two terms of ( 4.27| ) are bounded from above by ||??||ooe^e“ 
where Ti := min(T — to,T + to) > 0. Hence, the right-hand side of (4.25) is bounded from above by 
Ce^ for all e > 0 sufficiently small. 

Now assume that the do not converge to tq. Assume without loss of generality that for some 
subsequence (not relabeled) the < To — ko for some fco > 0 (the case where t^ > To + ko is similar). 
Since z is increasing (see (1.17)), by (4.25) and what we just proved. 


nt — eTg. 


Ce^ > / {Ze{t - £Te) - Ze(t - £To))r]{t) dt > 


inf 


> 


inf 


1 


Bito+eroMe) J B{to+eTo,kie) . I t—ero 


B{to+eTo,kis) JB{to+eTo,kie) Jt-ero 
t-e(To-ko) 

£“^-\/lT(z(e“^(s — to)) ds dt 


z'^[s) ds dt 


> 2kiko£ inf y^IT(z(t)) inf rj, 
iG-B(0,A;i + fco) B{to+€To,ki£) 

where 0 < fci < 1 and where we have used the facts that ij is continuous at to and that r]{to) > 0. 


Since z(0) = c, by taking ko and ki sufficiently small we can assume that z(t) G B(c, min{ 


2—a b—c 
2 ’ 2 


}) 
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for all t S i?(0, fco + fci). In turn the right-hand side of the previous inequality is bounded from 
below by Cie for some Ci > 0. This is a contradiction, which proves our claim. 

Next we prove (4.20). We will write Rg := Cke\ loge|, with Cfc > 0 to be chosen later. We then 
write 


G^e\ve) - 2cwr]ito) 


= e 


+ 


f {e {Ve) + e{v'^)'^)r] dt - 2cwr]{to)] 
’B(to,R.) J 


(4.28) 


ll\Bito,Rs) 


(e ^W{vs) + iv'^) )ridt. 


First we examine the second term, namely the tail integral. We first note that by (2.11) and the 
fact that the —)■ tq we then have that 


b - Ze{t - ETe) < 


b — a 


gCl(l-|-|To|)gCiCfe ^ gfc 


for t e [to + t?e,T] and for e small, provided Ck > 2^. Similarly, Ze(t — er^) — a < for 
t G [—T, to — t?e]- Thus for t G I\B{to, Re) we have that 

\Zeit - STe) - Uo(t)| < (4.29) 


which in turn implies, after recalling (4.23), that, for k large, 


(Veit) - Vo) < 


X2p2 

2- 


W"(a)2 


(4.30) 


for all t G I\B{to, Re) and for some fixed C > 0. 

We then fix 7 > 0. By (2.9) there exists Sj such that 


for all s with |s — a| < Sj, and 


W{s) < 


W{s) < 


W”{a) 


+ 7 (s-a)' 


W"(a) 


+ 7 (s-6)' 


(4.31) 


(4.32) 


for all s with |s — &| < s^. By (4.30), (4.31) and ( |4.32 1 we then have for e sufficiently small that 
f W{ve)vdt< (^^^+^)e^Xlw''{a)-^ [ rjdt + 0{e'^+^). 

Jl\B{to,Re) V ^ / Jl 

On the other hand, using (1.17), (4.29), (4.31), and (4.32), 

(Kit))"^ = ^W{Zeit + STe)) < ^{Ze^t + STe) - Vo{t))^ < 

for t G I\B{to, Re). After taking limits (first as e —>■ O'*" and then as 7 —>■ 0+) we thus find that 


limsup / 

E-J-0+ Jl\B{to,Re) 


(e {Ve) + {Ve)'^)ri dt < 


-^0 


21T"(a) 


rj dt. 


(4.33) 


Next we estimate the energy in the region B{to,Re). We will define sf := Ve{to — Re) and 
si := Ve{to + Re). Note that by (4.30), sf = a -I- 0 (e) and sf = 6 -I- 0{e). Thus recalling the 
definition of cw, (1.10), and (2.9), we find that 

cw = [ W^^^{.s) ds + 0{e‘^) = j W^f'^{ve)v’^dt-\-0{£^), 

Jsl JB{to,Re) 
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where we have used the change of variables s = v^it). Thus we have that 

f {e~^W (vs) + e{v'^f)r] dt - 2cwvito) 

J Bda.RA 


f + W^I'^[ve)v,{2T] - 2r){to)) dt + 0{e^). 


(4.34) 


We now estimate the terms on the right-hand side of (4.341. Recalling the fact that |lT^/^(si) — 
W^/'^{s 2 )\ < Clsi — S 2 I for all Si, S 2 G [a — 1, 6 -|-1] (see (2.4) and (2.5)), it follows from ( |1.17[ ), ( |4.23| ), 
and the boundedness of 77 , that 


J J B(tn.Rc^) 


dt 


B{to,Re) 


< Ce- 


b 


eAn 




r]dt < Ce^\\og£\. (4.35) 


Next we will use ( |1.17 [), (|4.19P and (|4.23|) to obtain: 

2! 


IB{to,Re) 


W^^^{v,)v',{Tj-r]{to))dt 


= 2 


‘ B{to,Re) 


= 277 '(to) 


lB{to,Rs) 

Changing variables to s = we can then write 


W^/^(ne(t))n'(t)(?7'(to)(t - to) + 0{\t - to|^+'^)) dt 

W^/^{v,{t))v'Mit - to) dt + 0{e^+^\ log£p+/5). 


f B{to,R£ 


W^/2(neX(77 - 77(to))dt 


= 2ri'{to)£ f W^/^(z(s) — AoW"(a) ^e)z'(s)(Te-I-s) ds-I-0(e^'''^| log£p'''^).(4.36) 

J B{T^,Ck\ loge|) 

We remark that, by (1.10) and (1.16) and (4.24), the integral on the right-hand side of the previous 
equality converges to 

/ W^/^(z(s))z'(s)(ro + s)ds = t^Cw + Csym- 

Jk 

By then combining estimates ( |4.28[ ), ( |4.33 ), (4.34), (4.35), (4.36), to find that 

gP (ve) - 2cwv{.to) ^ r, ,\ r , i , ^0 

hm sup < 2r] (to) (roCvy -b Csy^) -b 


e— 1 O+ 


2W"(a) 


T] dt, 


which is the desired conclusion. 

Step 2: The case 9 < 1 is simpler since by ( |2.12 ) the function z in (1.17) satisfies z(t) = b 
for t > tf, and z(t) = a for t < ta- We define v^it) := Zs{t — erg). Then the second term in the 
right-hand side of (4.25) should be replaced by 0, while (4.26) becomes 

rtb+To 


/ (sgn^ i,{s) - z{s-To))r]{£s +to) ds. 

J tn.-\-Tr\ 


In turn, in (4.27) the first integral is over [ta-bro, tf,-bro], while the other two integrals vanish. Using 
the regularity of 77 near to we can bound the integral in the new (4.27) by 2{b — a)Crj£^{tb — ta)- We 
can continue as before to conclude that ^ tq. 
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By (1.101 and (1.17), in place of (4.28) we now have 


G^e\ve) - 2cwV(to) 


rto+eTc+etb 

J to + ETe+et„ 


Using (4.19) and the fact that —>■ tq, the right-hand side can be bounded from above by 

l-to+eTe+eti, 

J tQ-\-£T£-\-6ta, 

= 2ri'{to) tu^/^(z(s))/(s)(s -f Te) ds + 0{e^), 
where we have used a change of variables s = . It now suffices to let £ —>■ 0+. 


□ 


4.2 Local Minimizers of 

In this subsection we prove the existence of certain types of local minimizers of and study 
their qualitative properties. In the next subsection these properties will enable us to characterize 
the second-order asymptotic development of the family Jg defined in ( |4.I8[ ). We begin with the 
following proposition, which is based on an argument from [IT] (see also |1I| ). We include the proof 
for completeness. 


Proposition 4.8. Assume that lU satisfies (2.4)-(2.7) and that rj satisfies (4.I|-(4.4). Then for all 


£ > 0 there exists a global minimizer of the functional Jg. Furthermore, the functions Vg must 
converge to vq in and thus for e small enough Vg is a local minimizer of Gg. Additionally, the 
following equality holds: 

lim JgW(z;g) =GW(?;o). (4.37) 


£—>■ 0 + 


Proof. First we prove the existence of a global minimizer. Fix £ > 0 and suppose that {fk} is a 
minimizing sequence in the sense that 

lim Jeifk) = inf JeG) < oo. 

k—^oc V 


In particular, \\fk — vo\\l^ < S for all k sufficiently large. By (4.8) and (4.18) it follows that {/^} 


is bounded in L^. Since {fk} is bounded in Li, by (4.1) and a diagonal argument, we may find a 


function G Fl}^ such that f{ v{ in and fk —t Vg in and pointwise a.e.. By Fatou’s 

lemma and the weak lower semi-continuity of the L'i norm, we then have, provided that Vg G H}. 


(see (4.51), that 


Gg(ug) < lim inf G^ifk) = inf Je{v) 

k^oo V 

and that ||?;g — r'olUi < S. Thus it remains to show that G Since Ve is locally absolutely 
continuous, by Holder’s inequality, for —T < t < —T + t* we have 

2 


I’eitMt) = Vit) ^Ve{-T + G)- v{(s) ds 

<2iqit)vU-T + t*) + 2r,{t) 

<2rj{ty^i-T + F) + 2rjit) 

< + t*) + 2^U |i;'(s)p? 7 (s) ds, 


r]'^G(^s) 

r-T+t 


ds 


V{s) Jt 


\v{{s)\^f]{s) ds 
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where we have used the fact that if t < s < —T + t* then r]{s) > (see (4.2 1 ). By integrating 


in t over (—T, —T + t*) we observe that Vg € —T + t*)). A similar estimate can be obtained 

on the interval {T — t*,T). On the other hand, by ( |4.1[ ), we have that 77 > 770 > 0 in [—T + t*,T — t*], 
and thus S + t*,T — t*)), which then implies that Vg S as desired. This establishes 

the existence of a gl obal minimizer, Vg. 

By Theorem 4.4 we know that there exists a sequence {ue} converging to Vq in with (ue) —>■ 


In particular Hue — Uo||ii < S for e sufficiently small. Since is a global minimizer of 
we then know that Gg{vg) < Gg{vi;) for e small. Thus 


4.3 


limsupG^^Hi’e) < limsupG(^)(ue) < G(i)( 7 ;o). 

£—>■0+ E—>0 + 

we then have that (up to a subsequence, not relabeled), 

we find that 


By Proposition 
and with ||{j — 'CoUz.i ^ By again applying Theorem 


V in with v G C 


4.4 


G^^\v) < liminf G^^^(ue) < limsupG^^^( 7 ;e) < G^^^( 7 ;o). 

e-)-0+ £_,.o+ 


(4.38) 


4.6 


then implies that v = Vq, which along with (4.381 implies (4.37). As v, 


Vq in we 


Theorem 

then have that the must be local minimizers of G^, for e sufficiently small. This completes the 
proof. □ 

In light of the fact that the global minimizers of Jg are local minimizers of Gg for e sufficiently 
small we can then establish the Euler-Lagrange equations. 


Theorem 4.9. Under the hypotheses of Proposition ^.8 the sequence {ug} of global minimizers of 


the functionals Jg will satisfy the following Euler-Lagrange equations (for e sufficiently small): 

2e^(v((t)p{t))' - W'{ve{t))p{t) = eXevit), (4.39) 

where S M. Moreover the Lagrange multipliers satisfy 


lim Ae = Ao, 
£->■0 + 


(4.40) 


where Aq is the number given in (4.22). 

Proof. Reasoning somewhat as in the proof of step 4 in [27] we have that G G^{I) and satisfies 
(4.39). Next, we will prove (4.40), namely the limit of the Lagrange multipliers A^. The argument 


here follows jddj, with the necessary adaptations to the weighted setting. 


To prove (4.40), fix some t/i G G(P{I). We multiply the Euler-Lagrange equations (4.39) by ifv) 


and integrate to obtain 

£Ae y i)!v(r]dt = j{2e‘^{v'fri + v)r]') — W'{vs)ri)tpv) dt. 
Integrating by parts, we find that 

J '>pVePdt = J {W{vg) — e‘^v'^){ri’tpy + 2e‘^{v()‘^r]'ipdt. 


(4.41) 


By Theorem 4.4 and Proposition 4.8 we know that 


lim /(e '^W{ve) + e{v(f)ridt = 2cw'n{to)- 
£^ 0 + 
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(4.42) 


Furthermore, as in the proof of ( |4.14 ), by lower semicontinuity 

liminf2 [ W^^‘^{ve)\v'\ridt = 2 [\(^{ve)y\r] dt > 2cwil{to), 

e^0+ e^0+ Ji 

where we recall that $(t) := W^/‘^{s) ds. These together give the following: 

0 < limsup f dt 

£—>■ 0 + JI 

= limsup f {e~^W{ve) + e{v'^Y ~ 2,W^^‘^{ve)\v'^\)'q dt < 0. 

£— J I 

We thus have that | goes to zero in Moreover, the liminf in ( |4.42| ) is 

actually a limit and equality holds, so that 

lim / W^/^(w£)|z;'|?7dt = cw??(to)- 

e^o+ Ji 


(4.43) 


Additionally, we can write the following: 

lim j \e~^W{vi;) — s{v'^)‘^\r]dt 
e^o+ Ji 


r] dt 


e-i-o+ Ji 

/ /* 2 \ 

< 1^ rjdtj 

1 /2 

X 1^ rjdt^ 

/ r 2 \ 

< lim C'M _^i/2|^,|^ 

where we have used Holder’s inequality in the first inequality, Young’s inequality and the bound¬ 
edness of in the second. By (4.1) we can deduce that e~^W{ve) — go^s to zero in 

Lloc{I)- Thus by dividing (4.41) by £, and recalling that ^ is compactly supported in J, we obtain 

lim Ag / 'ibv'r]dt= lim 2 / e(vL)‘^r]''ih dt. 

e^o+ Ji ^ £^o+ Ji 

We then use the convergence shown above to estimate the following 


lim 

£->■ 0 + 


= lim 

£—>■0 + 


(£(u')^ - W^^^{ve)\v'^\)r]'tp dt 

£i/2|^'|(ei/2|^/| _ e-^/^W^/^Ve)WJidt 
1/2 


< lim 
£—>■0 + 


cKr 1 

V 


\ /r 

rjdtj f y (£^^^|u'I — £ dtj =0 


where we have used the fact that is uniformly bounded, since ip has compact support in I. 
Thus we can write the following: 
















We know that ^ Dvq = (b — a)Stg and W^^‘^{vs)v'^C^[I ^ -D($ o iiq) = cwStg, both in 

(Co(/))'. In turn, W^^'^{v^)v'^r]C^lI ^ cvyry(to)^to- In view of (4.43), it follows from Proposition 
4.30 in [?7] that W^^'^{vi.)\v'^\r]C^\I ^ cwv{io)^to- Hence, 

lim [ W^/‘^{ve)\v'^\'n''4)dt = lim [ W^^^{ve)\v'^\'n—'ijjdt = cwvih) ^ V’fto)- 
e^o+Jj e^o+Ji r] V[to) 

We thus take limits in (4.44) to find that 

lim Xsib- a)ip(to)r]{to) = 2r]'{to)cwi’{to)- 
€->■ 0 + 


This then gives the desired conclusion, namely that (4.40) holds. 


□ 


Next we establish tight bounds on the functions v^, as well as a Neumann condition. 

Theorem 4.10. Under the hypotheses of Proposition for all e > 0 sufficiently small the mini- 
mizers Vg of satisfy 


ae<Ve{t)<be, tel, (4.45) 

<(-r) = <(T)=0, (4.46) 

where < Ce < bg are the only zeros ofW' + A^e. Moreover 

a, = a- A,|A,r/«-i((7/£)i/%i/« + o{e^/^), (4.47) 

Ce = c—XeW'\c)~^e + o{e), (4.48) 

b, = b- A,|Aer/«-i(<?/^)i/%i/« + o{e^/'i), (4.49) 


where ^ is given in (2.5). 


Proof. By hypothesis (|2.7|), |IT'(s)| > Wg > 0 for all |s| > C. Since W' has only three zeros at a, b, c 


and is strictly monotonic in a ball centered at each of these points with radius Co > 0 (see (2.5) and 
(2.6)), by taking wq smaller we can assume that |IT'(s)| > wq for all s € 

B{b,Co))- By (4.40), [eAel < wo/2 for all e > 0 small. Hence W 


sXf 


.\(H(a,Co)UH(c,Co)U 
has only three zeros 


Qc ^ be Cc 


(4.50) 


for all e > 0 small. Furthermore by (2.6) and (2.10) we can derive the explicit forms in ( 4.47| )-( 4.49| ). 

Next, consider the open set Ug := {t G I : Vg{t) < Oe}. We claim that Ug is empty. Indeed, if 
not, let Ig be a maximal subinterval of Ug, and since W'{vg) + eXg < 0 for all t G Ig hy (4.39) we 
have that {Vg{t)r]{t)y < 0 for all t G Ig. Since 77 > 0 on / by ( |4.1[ ), this implies that u' has at most 
one zero in Ig. Hence there exist limj_,^j+ Vg(t) = Ig and lim. 


t-j-T, 


- Vg (f) = Lg, where tg, Tg are the 


left and right endpoints of Ig, respectively. Note that ig, Lg could be infinite if one of the endpoints 
is —T or T. Consider inf/^ Vg. If there exists Sg G If such that Vg{sg) = inf/^ Vg, then vf(sg) = 0 
and vf{sg) > 0. This is impossible, as (u'ry)' < 0 on Jg. Thus it follows that inf/^ Vg is either ig or 
Lg. Assume first that inf/^ Vg = ig. By the definition of Ig it cannot be that ig = Og, but then, by 
the maximality of Ig, necessarily tg = —T. By (4.39) for all ti,t 2 G Ig, with ti <t 2 '. 


(■*2 


2£^vf{t2)p{t2) - 2e^n'(ti)? 7 (ti) = / (IF'(u£(s)) + £Xg)r]{s) ds. 


(4.51) 


Since W'{vg{t)) 


■ eXg < 0 for all t G Ig, the integral f_^j^(W'(vg(s)) + £Xg)r/(s) ds is well-defined in 


)U {— 00 }. Hence, letting ti —> —T+ in (4.51), it follows that there exists 


lim^ u'(t)? 7 (t) = Mg S K U { 00 }. 


(4.52) 
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Assume, for the sake of contradiction, that ^ 0. Then by (4.2) and (4.52), |n£(t)| > Co(T ■ 
for all t € (—T, —T + ^e), for some 5^ > 0. It would then follow that 


f--T+5e 


l-T 


r-T+Se 


n'I rjdt > di 


l-T 


C^oiT + t) 


-m+i _ 


dt = oo 


if rii > 2. On the other hand, if ni = 1 then n'(—T) = 0, since Vg is a minimizer. Thus in both 
cases we must have that Mg = 0. In turn, letting ti —)■ —r+ in (4.511 it follows that u'(t) < 0 for all 
t G Ig, which contradicts the fact that £g = inf/^ Vg. Using a similar argument we can exclude the 
case that Lg = inf/^ Vg. This proves that Ig, and in turn Ug, is empty. Thus Vg > ag va. I. Similarly, 
we can show that Vg < hg in /. 

It remains to prove the Neumann boundary condition (4.46). If = 1 then this comes from 
the minimality of Vg. When rii > 2, since Vg is bounded by what we just proved, it follows that the 
integral on the right-hand side of (4.51) is bounded for all t G I. Hence as in the first part of the 
proof we can conclude that the limit Mg in (4.52) exists and must be zero. Hence letting H —>■ —T+ 
in (4.511 we obtain 


2e‘^Vg{t)r]{t) = J {W\vg) + Xge)r](s)ds. 


Using again the fact that Vg is bounded, along with (2.4) and (4.2), we have that 
0 s MT + ,)”■-■ + 0 - 

as t ^ —T+. A similar estimate holds near T. This completes the proof. 


□ 


In the following theorem we specify the qualitative behavior of Vg, which are global minimizers 
of Jg. Despite the fact that Vg ^ vq G L]^ by Proposition 4.8 Vg need not be increasing. Indeed in 
the radial case rj(t) = (t -I- T)"“^, on an unbounded domain and for n large, Ni [52] has shown that 
all positive solutions of (4.39) approach 6^ as t —?► oo in an oscillatory way. The presence of possible 
oscillations makes the analysis significantly more involved. However, the overall idea of the proof is 
the same as the proof of Theorem |4.6[ 

Fix 

1 1 

Ui' rii -1 


Br G 


* = 1 , 2 , 


(4.53) 


where rii are the exponents given in (4.2) and ( |4.3| ). Let k gN and define 

Og := {t G [-T + c{ni)e^\T - c(n2)e®^] : ag + < Vg{t) < bg - e^}, 

with c(ni) := 0 if rii = 1 and 1 otherwise. 


(4.54) 


Theorem 4.11. Assume that W satisfies ( |2.4| )-(2.7|, and that rj satisfies (4.1)-(4.4). Let Vg be a 
minimizer of Jg. Write Iq := [—T + x:o,T — rp], with rg > 0 a constant to be defined. Then for 6 
sufficiently small in (4.18) and for all e > 0 sufficiently small the following properties hold: 

i) Te := OgDlo has exactly one component [Tf,T|], with VgiTf) = ag+e^ and Vg{Tf) = bg — e^. 
Moreover, there exists 0 < Ci < Cg so that Te C H(tg,ri). 

ii) For every fixed e, the points in Te where Vg = Cg are at most distance Ce apart, for some 
C > 0 independent of e. 

hi) For t G (— T, Tf) we have that Vgft) G [ag,ag -I-£^) except on a set of rjC^ measure o{e). 
Similarly for t G (T|, T) we have that Vg{t) G {bg — , bg] except on a set of measure o{e). 
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We delay the proof of this theorem until after we establish some preliminary results. Let Vq > 0 be 

Vo in L^, by selecting a subsequence, we can assume that Vc(t) —>■ vo(t) 


chosen as in (4.16). As v, 
for a.e. t € I. Hence, given 


there exists Sp > 0 such that 


0 < p < - min{c — a,b — c}. 


;{Ti)-a\<p, \ve{T 2 ) - a\ < p, \ve{T 3 ) - b\ < p, \veiT 4 ) - b\ < p 


(4.55) 


(4.56) 


for all 0 < e < Ep sufficiently small and some Ti G (—T, —T + ro), T 2 G (—T + 2 ro,to — >^ 0 ), 
T 3 G (to + ^o^T — 2ro) and T 4 G {T — ro,T). Fix e > 0 sufficiently small so that (4.56) holds. 

First, we prove adaptations of two lemmas from |61j . 

Lemma 4.12. Let so, si > 0 &e such that + sq < Cg < bg — si for all e > 0 sufficiently small. Fix 
any such e. Let Ig C I be a non-empty maximal interval such that Ug + so < fe(t) < bg — si for all 
t G Ig. Then there exists tg G Ig such that Vg(tg) = Cg. 

Proof. If not, then either Ug + sq < Vgf) < Cg for all t G Ig or Cg < Vg{t) < bg — si for all t G Ig. 
Consider the second case. Then W {vg{t)) + eXg < 0 for all t G Ig, and so by (|4.39[ ) we have that 
{v'g.{t)ri{t)Y < 0 for all t G Ig. Let t G Ig he the point of minimum of Vg in Ig. Reasoning as in 
the proof of ( |4.45 1 , we have that i cannot belong to Ig, and so i G dig. lit G I, then necessarily, 
Vg{t) = Cg, which contradicts the fact that Cg < Vg{t) < bg — si for all t G Ig. it follows that 
i G {—T,T}. We can now continue as in the proof of ( |4.45| ) to exclude this possibility. □ 

Lemma 4.13. Let p be as in ( |4.55 1 and suppose that Ig is a maximal subinterval of the set {t G 
[—T + c{ni)e^^ ,T — c{n 2 )s^^] : Vg{t) > c p}. Then there exists a p > 0 such that we have the 
following estimate for all t G Ig: 

bg-vg{t)< 2 {bg-c-p)e->^<^^^’^i^^~\ 

In addition an analogous bound holds for the set {t G [—T + c(ni)e®F T — c(n 2 )e®^] : Vg{t) < c — p}. 

We recall that d{t, E) is the distance from t to the set E and E^ is the complement of E (see 
Section . 

Proof. First, we claim that there exists a p such that for any s G [c + p, bg] the following inequality 
holds 

-{W'{s)+e\g)>2p^{bg-s). (4.57) 

If g = 1 in (2.5), then also by (2.4) we have that W G (7^(11). Since W''{b) > 0 by continuity we 
have that W"{s) > 2p^ > 0 for all s G B{b, Ri), for some p ^ 0, and Ri > 0. It follows from (4.50) 
that 

r^e 

W'{s) + eXg = — W'fr) dr < —2p^{bg — s) 


for all s G Blb,Ri), with s < bg. Using the fact that W F eXg < 0 in {cg,bg) (see Theorem 4.10), 
and by taking p smaller, if necessary, we can assume that 

VF'(s) + eAe < -2p‘^{bg - s) 

for all s G [c + p, bg]. Note that p depends upon p but not on e. On the other hand, if 0 < g < I 
then since lim^-).;, W”(s) = 00 by (2.5), we can still assume that W''{s) > p^ > 0 near b. Hence we 
can continue as before to conclude that (4.57) holds even in this case. This proves the claim. 

Write Ig = [ti,t 2 ] and define 


(/.(t) := {bg - + {bg - Vg{t2))e-^^^--*^^~ 


(4.58) 
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with fi fixed by (4.571. We note that (p satisfies the following differential inequality: 

iP'vY = (-(^£ - ' + (&£- 


l^'l 


< ^ M ) 4>v- 


If ni > 1 in ( |4.2[ ), then c(ni) = 1 in ( |4.54[ ) and so by (4.41, 

eds 


\m\< 

vit) 


t + T 


< M 


for all t G [—T + £^^,0] and all £ sufficiently small. On the other hand, if ni = 1 in (4.2 1 , then 
c(ni) = 0 in (4.54) and so by (4.1) and (4.3|, r]{t) > 7 ]o > 0 for all t G [—T,0]. Thus, 

IVWl / max|77'| 
e—TTT ^ ^ A* 

V{t) Vo 

for all t G [—T’, 0] and all e sufficiently small. Similar inequalities hold in [0,T — c(n 2 )e®^]. Thus in 

4, 

(P'v)' 4 2 £ (4.59) 

We then set g{t) := — Ve(t) and using (4.39) and ( |4.57 1 we have that 

{g'v)' = -s~'^iW'{ve) + eXe)r] > 2e~‘^g'^gr]. (4.60) 

We define g — p. By ( |4.58| ), (4.59) and ( |4.60 ), for £ small we have the following: 

{^'vY > 

4'(fi) < 0, 4'(f2) < 0. 

The maximum principle implies that dt < 0 for all t G Ig. Thus 

be-v,{t) < (6,-^,(ti))e-^(‘-*i)^-^+(5,-u,(f2))e-'^(‘^-‘)"" < 2(5,-c-p))e-'^""‘^(‘’4), (4.6I) 


which is the desired result. 


□ 


Corollary 4.14. Let p be as in (4.55) and let 

Ae := {t G [-T + c{ni)£^\T - c(n 2 )£®^] : + £^' < Ve{t) <c-p}, 

Bg := {t G [-T + c(ni)£®\r- c(n 2 )£®^] : c + p < v^(t) < b^ - e'^}. 

Then for any maximal interval eontained in Aglb Bg, 

diam/g < C£| log£| 

for all £ > 0 sufficiently small and for some constant C > 0 depending only on W, k, p, p, where p 
is given in Lemma \f.l3\ 

Proof. Assume (ti,t 2 ) = 1° C Bg. By Lemma 


4.13 


we have that for t = : 


e^<bg- vg{t) < 2{bg - c - p)e-'^ 2 -bG-q)e- ^ 
which implies that — f (^2 — 4)e~^ > fclog£ — log2(4 — c — p), that is, 

0 < ^2 — fi 4 2p“^fc£| log£| + 2 p~^£log2{bg — c — p). 

This shows that diam/g < C£| log£|. The proof for the case 4 C Ag is similar, and we omit it. □ 
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Next we state a lemma from ED, which allows us to estimate the size of certain sets. In what 
follows given a set E and s > 0 we dehne the set 

:= {x e M" : d{x, E) < s} (4.62) 

Lemma 4.15. Given a measurable set A C M", for all numbers 0 < si < S 2 we have that 


C^{A’^^) 


<Cn 



where we are using the notation (4.62). 


Next we establish an estimate on the derivative of Vg. 


Lemma 4.16. There exists a constant C > 0 such that 

K(i)| < Ce-^ 


for all t G I. 


Proof. By (4.39) and the fact that z)'(—T) = 0, 


2 e^v'g(t)rilt) = J (W'(veis)) + eXe)T]{s) ds 


for every t G I. In light of ( |4.1[ )-(4.2 ) we know that that there exist constants ci,C 2 > 0 so that 
ci(r + < T]{t) < C 2 (T + for all t G [—T,T — t*]. Since Vg is bounded by (4.45), this 

implies that 

- W) /-r’'*** * - * 


CC 2 

CiUi 


(T + t) 


for all t G {—T, T — t*). Using a similar argument in (—T + t*,T), we conclude that 

^ CminlT + t,T — t} 


for all t G L By (4.39), Vg satisfies 

2e^z)" (t) + 2s 




(t) = W'{vg{t)) +eXg. 


Using (4.4), (4.45) and the previous inequality we get 

rj'it) 


2 s^\v':it)\ < 


vit) 


2e^\v'M+C<C. 


Next we use a classical interpolation result. Let t G I and consider ti G I with |t — ti| = e. By the 
mean value theorem Vg{t) — Vg(ti) = v'g(9)(t — ti) and so by the fundamental theorem of calculus 


'v'git) = v'e{Q) + [ <(s) ds = 
Je 


Ve{t) - Vg{ti) 


t — t-i 


+ f Vg'(s) ds. 

Je 


Again by (4.45) it follows that 


\Vg{t)\ < ^ +sup|u"||t-6»| < ^ + ^£. 


This concludes the proof. 


□ 
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-T 


to 


T 


I 

h 

Jo 


Figure 4: Important intervals and points for the proof of Theorem 


4.11 


We are now prepared to prove Theorem |4.11| By way of notation, for every measurable subset 
E CL I and for every v S satisfying ||u — vo||li < 6 and (4.6) we dehne the localized energy 


J^^Hv,E) ■= j (^W{v) + e{v'f^r^ dt. 

Figure]^ gives a visual representation of the notation used in the following proof. 


(4.63) 


Proof of Theorem \4.11\ By Theorem 4.7 there exists Vg converging to vq in such that 


= J^iVe) < J^iVe) < + Ce = 2cwV{to) + Ce, 

where we have used the fact that Vg is a minimizer of Jg. We fix 

fC+P 


0 < ei < min 


. fv{to) vito) r min{c_,c+} . 

m<^ - / W ! (s)ds,----min ?7 

( I lew Jc 2.CW E 


where 


c_ := f ds, c+ := f ds. 

J a J c 

By the continuity of rj there exists > 0 so that 

\v{t)-v{to)\ < ei 

for all t S [to — Pick f > 0 so that 

II ■= [^0 -i,to + X:]C I, 


(4.64) 

(4.65) 

(4.66) 

(4.67) 

(4.68) 
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Symbol 

Definition 

Characteristics 

Oe 

(4.54) 

Step 1 proves that £^(Oe) = o(l). 

Iq 

[— T + Co,T — Co] (see statement of 

Theorem 4.11) 


Jo 

[— T + 2ro, T — 2co] (see Step 2) 


h 

[to - i, to + c] (see (4.68)) 


Te 

A maximal subinterval of Og which 
intersects B{to,ti/2) 

Existence proved in Step 3, uniqueness, end¬ 
point values and width estimate in Step 4. 


14(75) 


J.£ J.£ 

^3 5^4 

The first and last time in Fg where 
Vs = Ce (see Step 3) 

Step 3 proves that these are 0{e) distance 

apart. 

^5 

The last point to the left of F^ where 

Veitl) =C- p 

Step 5 proves that f|, if it exists, must be in 
[-r,-T + c(ni)£®i]. 


Figure 5: Explanations of some of the notation in the proof of Theorem 


4.11 


and let 

Choose Cl so that 
Fix d so that 


r]i := minry > 0. 


0 < Cl < min{cej,c}. 

0<(5<(c-a - p)^^^ci. 


(4.69) 

(4.70) 

(4.71) 


Step 1: We claim that £^(Oe) = o(l) (see (4.54)). Define the set 

De := Oer)v~^{[c- p,c +p]}). 


By Lemma 


4.16 


'j'e\ ^ CqE and so, using the notation in (4.62), (D^)*® C ^([c — 2p, c + 2p]), 


provided 0 < I < pC^ . In turn 

cH{D,y-) < [ 

J L 


1 dt 


{c—2p<i;£<c+2p} 


< + 


min W 

[c—2p,c+2p] 


-1 


W{Ve) dt 


(4.72) 


l-T+e"! 


< + C + ^-S2{n2-i)'j J 

< + C + £i-e 2 (n 2 -i)^ 


T-E 2 


-T+e®i 


W{vs)pdt 


where we have used (2.4), (4.1)-(4.3), (4.55) and (4.64). 
Next we claim that 


Oe C (D^)‘^dioge| LJ [_r^_7’ + c(ni)£®i +C£|log£|]U [T-c(n 2 )£®^ -C'£|log£|,T]. (4.73) 



d{t, [-T, -T + c(ni)£®^]) < C'£| log£|. 
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This proves ( |4.73[). 

By Lemiiia]4.15 and (4.72) we have that 


£ 


i((^^)Ce|iogE|) < c'|ioge|£i((i:»^)''^) < C|log£| (^eSi +£^2 +£i-fli(»i-i) _^£i-e2(n2-i)^ ^ 


Hence by (4.73) we have that 

CHOe) < +C'£|loge| +£i((£»e)'^'^l‘°s"l) 

< Cillogel +£i-ei(ni-i) _^^i-e2(n2-i)^ ^ 

where Ci > 0 is independent o/xq. 


Step 2 : We claim if is a maximal subinterval of the set Og (see ( |4.54[ )) that intersects the interval 
Jo := [—T + 2ro, T — 2ro], then Ig is contained in Iq for all e > 0 sufficiently small, with 

£i(4)<Ce|log£|. (4.74) 

The first part of the claim, namely, that Ig C /qj follows immediately from Step 1. Lemma |4 . 12 1 then 
implies that 0. Reasoning as in the proof of (4.72) but using the fact that rj > rjo > 0 in 

Iq we find that £^((/e n < Ce. Again due to the fact that A C /q, reasoning as in the proof 

of (4.73) we can show that C {le H Using Lemma 4.15 


Step 3: We claim that there exist tf, tl G B(tQ, Xi/2) such that 

Veitl) <c- P, Ve{tl)>C + p 


once more gives (4.74). 


(4.75) 


provided £ > 0 is sufficiently small. Indeed, if t\ does not exist, then c — p < in B{to, Xi/2), and 

.> f 


so by (4.15), 


lB{to,ti/ 2 ) 


\ve-vo\p dt> (c-a-p)’^^ri. 


where we used (4.65). This contradicts (4.71). Hence the t\ in (4.75) exists, and with a similar 
argument we can prove the existence of t\. 

Since Vg is continuous, by the intermediate value theorem it will take all values between c — p 
and c + p in B{tQ, Xi/2). Let T” be a maximal subinterval of intersecting i?(toUi/2) such that 
^e(rr) A [c — p, c] and let r+ be a maximal subinterval of Og intersecting B{tQ,Xi/2) such that 
Ue(r+) D [c, c + p]. By Step 1, for £ small enough, both intervals are contained in the interval Ji 
given by (4.68). 

We claim that either ^^(r”) = [ue + £^',5e — £^] or UE(r+) = [gg + £^',5e — e^]. Indeed, if this 
is not the case, then by the maximality of £“ and T^, Lemma 4.12 and the definition of Og (see 
(4.54)) Ue = Oe + £^' at both endpoints of T” and Vg = bg — at both endpoints of r+. Let S T” 
be such that Vg{ts) = c. Hence, by (4.63), (4.69), Young’s inequality and a change of variables. 


jW(uE;r7)>2pi f dt 


= 2j7i 
> dpi 


' Fg n( T',te] 


W^/^(ue)|u'| dt + 2pi 


/Te n{u,T) 


W^/^{v,)\vl\ dt 


[ ds > 4c_pi - 


(4.76) 


where we have used (4.66) and the fact that 




W^/'^is) ds < C\a -a,- £'=|(9+3)/2 < C-£(9+3)/29 
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by (2.9) and (4.45) where here C is independent of Tq. A similar inequality holds for 
with the only difference that c_ should be replaced by c+. Hence, also by (4.15) and (4.64), 

2cwv{to) +Ce> jP{ve-,rj) + jP{ve;r+) > Acwivito) - ei) - 


which gives 


Ce > 2{T]{to) - 2ei)cw- 


This contradicts (4.65) provided e is sufficiently small. This proves the claim. We denote by Tg a 
maximal subinterval of Og intersecting B{to, ti/2) such that Ue(re) = [og + e^, — e^]. 

First we claim that Ug takes the values and on the endpoints of T^. If not then 

reasoning as in (4.76) we would have 

which is a contradiction. Next let and be the first time and last time in Tg that equals c^. 
We claim that 

Cae, (4.77) 

for some constant Ca > 0 independent of to, for all e sufficiently small. Indeed, if Vg{t) G [c—p, c+p] 
for all t G [^ 3 ,^ 1 ], then by (4.15), 

min W, 

l [c-p,c+p] 


and so (4.77) follows from (4.64), where all the constants appearing are independent of Cq. On the 
other hand if there exists G [^ 3 ,^ 4 ] such that — c| > p, say, > c + p, then by Young’s 

inequality. Step 1, (4.65), (4.67) and a change of variables we get 

jW(ue;[t|,t|]) > 2 ^ W^/^{s) ds - 

Furthermore, by again reasoning as in (4.76), and using the fact that takes the values +e^' and 
be — on the endpoints of F^ we have that 


ji^\ve;Te\[tl,tl])>2m 

with C independent of ro. 

Hence, by (4.15), (4.64), and ( |4.78| ), 


rbe-e 


la^.+e'’ 


ds > 2cwm - 


(4.78) 


which gives 


2cwv{to) + Ce > jJ^)(ue;F£\[t|,t|]) + 4^\ve; 

pc+p 

> 2cw{v{to) - ei) + v{to) / IF^'^^(s) ds - 

d c 

PC+P 

Ce>ri{to) / lF^/^(s) ds — 2cvvei, 

J C 


which contradicts (4.65), provided e is sufficiently small. The case where We(t®) < c —p is analogous. 
Step 4: We claim that for all e > 0 sufficiently small, Fg is the only maximal subinterval of the 
set Oe that intersects the interval Jq defined in Step 2. Indeed, assume that there exists another 
maximal subinterval of that intersects Jq. By Step 1, dg C Iq and (4.74) holds. In view of 
Lemma 4.12 there exists tg G Ig such that Vgite) = Cg. Since /g is a maximal interval of Og at one of 
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the endpoints it attains either the value or . In the first case, reasoning as in (4.761, 

we get 

> 2 min r] [ dt> 2 minry [ " ds 

J K Va,+e'= 


> 2c_ min ?7 — C\c — Ce| — 

ip 


A similar inequality holds in the second case, with c+ in place of c_. Hence, by (4.15), (4.64), and 
by dTz^ , 

2cwri{to) + Ce> 4 ^\v,-T,) + 4^\v,-h) 

> 2cw minry + 2 min{c_, c+} min 77 — Ce 


which gives 


> 2cvi/(??(io) ~ El) + 2min{c_, c+} minry — Ce, 

Iq 


Ce > 2min{c_,c+}minry — 2cwei, 

lo 


which contradicts (4.65) provided e is sufficiently small. 

This proves that Tg is the only maximal subinterval of that intersects Jq. In view of (4.56) it 
follows that Ve takes the value + e^ on its left endpoint of and 6 ^ — e'^ on the right endpoint. 
Indeed, if takes the value be — e^ at the left endpoint of Tg then since Ve{T 2 ) < a + p hy (4.56), 
then Tg could not be the only maximal subinterval of Og intersecting Jg. At this point we have 
established parts (i) and (ii) of our theorem. 

Next we show that 

>Ci(re)< Gael log e|, (4.79) 


for some constant Cg > 0 independent of rg. By Step 1, and the fact that Tg intersects i?(tg,ri/2), 
we have that Tg C i?(tg,ri) for e sufficiently small, where ri is given in (4.70). By (4.69) and ( 4.70| ), 
we have that p > rji > 0 on T^, with ryi independent of rg. The argument in Step 2 then implies 
(l4J§). 

Step 5: We claim that Vg < c — p in [—T + c{ni)e^^ ,—T + 2rg]. We first consider the case where 
ni > 1 in (4.2). Suppose the claim does not hold. By (4.56), Vg{Ti) < a + p for e sufficiently 
small and where Ti G {—T,—T + Cg). By the intermediate value theorem there exists a point in 
(Ti, —T + 2rg) where Vg takes the value c — p. Since —T + < Ti for e sufficiently small, we have 

that Vg takes the value c — p in [—T + e^^ , —T + 2rg] . Let be the last time in [—T + e^^ , —T + 2rg] 
such that Vg{t%) = c — p. We claim that 


\tl - <o| < C 4 ,ie\ loge| + (T + 


(4.80) 


for some (74 > 0 independent of Cg, where we recall that tg and tl are the first time and last time in 
Tg that Vg equals Cg. If tg < tg < t%, then this follows from (4.77). Assume next that to < tg. Then 
from (4.6), 




0= f{vg-vo)pdt= / {vg-a)pdt+ / {vg - b)p dt + / {vg-b)pdt. 


(4.81) 


l-T 


By (4.15), 


0 < 


v{to) 


{b - Cg){tl - to) < / {b-Vg)pdt 


(4.82) 


'to 


/ To 

{vg - a)p dt+ (vg - b)p dt. 

-T 
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We now estimate the two terms on the right-hand side of (4.82). By (4.45) and (4.49), 

i-T 


f {ve — b)r] dt < \bg — b\2T maxry < 

Jn 


where C is independent of Tq. We decompose the interval [—T,to] as follows 

[~T, <o] = [—T, U [t|, —T + 2ro] U {[—T + 2ro, to] \ Tg) U ([—T -|- 2ro, to] H Fg), 


and estimate the integrals over each of these subintervals. By ( |4.2[ ), (4.45), and (4.49), 


l-T 


{ve — a)r] dt < {bg — a)d 2 / (T-l-t)"^ ^ dt < 2(6 — a)(i2(7’+ t|)"b 


(4.83) 


(4.84) 


(4.85) 


/-T 


Let Qe := [t|, —T + 2ro] n O^- Since Ve{tl) = c — p, we have that t| G Qg. Since t| is the last time in 
[—T-|-, —T + 2ro] such that Vg takes the value c — p, and since, by Step 4, Ve{—T -|- 2ro) < a^ + e^ 
for e small, it must be that Ug < c — p in (tg, —T -|- 2ro]. By Corollary 4.14 we get that 


C^iQe) < Cellogel, 


with C independent of ro. Thus by (|4.l|) and (4.45), 


/ {vs — a)r] dt < Ce] loge| 

jQe 


(4.86) 


(4.87) 


with C independent of to. On the other hand, since in [t|, —T + 2ro] \ Qe, by (4.45) 

and (4.47), 


/* /• —T"+2ro 

/ {ve — a)r] dt < \ae + — a\d 2 / (T -|- t)"^“^ dt < 

J[q-T+2to]\Q^ J-T 


(4.88) 


with C independent of ro. Since the set Oe intersects the interval Jo only in Fg by Step 3, and as 
to < t|, we have that Ve <ae+ in [—T -|- 2ro, to] \ Fg. Flence, by (4.45) and (4.47), 


' [—T"+2ro,io]\re 


(ug — a)p dt < jog + — a\2T maxp < 


(4.89) 


with C again independent of to. Again by Step 3, [—T -|- 2ro, to] 0 Fg = [to — ri, to] O Fg. Flence, by 
(|44^ and (jTz^, 


' [to — 


(ug — a)r] dt < Cej logej. 


(4.90) 


for C independent of to. Combining the inequalities (4.82), (4.83), (4.84), (4.85), (4.86), (4.87), 
(|4^, (|T^ and (jrM gives 


vito) 


(6-Cg)(t 3 - to) < Cellogej + 2 {b-a)d 2 {T -f t|)”C 


with C independent of ro, which implies (4.80) in the case to < t|. 

It remains to prove (4.80) in the case tl < to. Then (4.81) should be replaced by 

pT rtl rto rT 

0 = / {ve — vo)ri dt = / {ve — a)ri dt + / {ve — a)r] dt + / {ve — b)rjdt 


l-T 


l-T 


'io 
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and (4.82) by 


0 < 


vito) 


{Ce - a){to - tl) < / {Ve - a)r] dt < / {b - Ve)ri dt + / {a-Ve)ridt. 


I-T 


By (4.45) and (4.47), 


(a — Vg)r] dt < \a — a£|2r < 


l-T 


with C independent of ro. The integral {b — Ve)r] dt can be estimated as in the case to < We 
omit the details. Hence, we have shown that (4.80) holds in all cases. 

Since tf G Tg, by (4.79) and (4.80), it follows that for any t G Tg, 

|t- iol <\t- tl\ + \tl - to| < C 5 (e|loge| + (T + 

where C 5 > 0 is independent of rp. In turn, by the mean value theorem 

Vi.t) = v{to) + r]'{9){t - to) > ?7(to) - Mo|t - to| 

> - Cs,Mo{e\ log£| + {T + t|)”0> 

where we recall that Mq = max \r]'\ + 1- Hence, also by ( 4.78| ) we get 

> 2 cwmin 77 - > 2 crv? 7 (to) - C 6 (£| log£| + (T + t|)”i) 

Te 

with Co > 0 independent of Tq. On the other hand, since ^^(tl) = c— p, there exists a maximal 
subinterval of Qe that contains t|. As argued just before (4.86), it must be that Ue(S'e) D 
[cg +£^,c —p], and so reasoning as in (4.76), by (4.2), which can be applied since 2co < t* by (4.16) 
and (4.86) holds, 


4^\ve;S,)> 2 minp [ ” ds 

Jar+s>‘ 


>2di(r + t|) 


c-p 

ae+E^ 
e'.rii-l 


fC-p 


ds, 


la+p 


for £ > 0 small enough. Combining these last two estimates, it follows from (4.64) that 
2cwv{to) + Ce> + jP{v,; S,) > 2cwv{to) - CQ{e\ log£| + (T + 


+ 2di (T + 


.£\ni —1 


W^/'^{s) ds, 


t a+p 


which gives 


C£| log£| > (T + tlY^-^ (2di ' W^/^(s) ds - Cq{T + tl)^ . 


Since —T + £®^ < if < —T + 2ro, by taking 


0<vo<^ [ Vi/"(s)ds, 

^6 J a+p 


we get a contradiction, since di(ni — 1) < 1 by (4.53). 

Finally we consider the case where ni = 1. In this cas e we c an use energy estimates, as in Step 
4, the fact that 77 > C > 0 on [—T, —T + 2ro], and Lemma 4.12 to show that Ve{t) < Og + £^ on the 
interval [—T, —T + 2ro]. We omit the details. 
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step 6: Finally, we prove the last claim in our theorem. We write Fg = By the remark 

at the end of Step 5, in the case ni = 1 we are already done, so we only need to consider the 
case Til > 1- In view of Step 5 we can use the barrier method in Lemma |4.13| to show that for 
t G [-r + e«i,Tf] 

This clearly implies that Ve(t) G [og, for all t G (—T + + 2fc/r“^e| log£|, Tf). Using (4.2) 

we then estimate the ry measure of the remaining set as follows: 


r* —+2fc/x ^e:| loge:| 


r]dt< — +Ce|loge|)"i < 

ni 


l-T 


Since ni9i > 1 by (4.53), then we have the desired estimate. Thus the result holds to the left of Tf. 
We can use the same argument to the right of r| to obtain the desired result. □ 

4.3 Second-Order F-limit 

In this subsection we prove the lim inf counterpart of Theorem |4.7[ 


Theorem 4.17. Assume that W satisfies (2.4)-(2.7) and that rj satisfies (4.1)-(4.4) and let vq and 


Ve he given in Theorems \4-.(\ and \4-^ respectively. Then 

G^^\ve) - 2cwriito) 


lim inf ■ 
£—>■ 0 + 


> 2'q'{to){ToCw + Csyni) 

hvds 


_|_ J 2W"{a) Jl 

lo 


ifq<l. 


(4.91) 


Note that Theorems |4.7| and |4.17| together provide a second-order asymptotic development by 
F-convergence for the functionals Jg defined in (4.18). To prove Theorem 4.17 it is convenient to 
rescale the functionals Gp. We define 


rBe-^ 

He{w) := / {W{w{s)) + {w'{s)f)r)s{s)ds 

JAe-^ 


(4.92) 


for all w G ^,Be ^)) such that 


[Be J I-Bs 

/ \w{s) - sgn f,{s)\r],{s)ds< / (w(s) - sgn„ f,(s))r 7 e(s) ds = 0, (4.93) 

JAe-i £ JAs-^ 


where A = —T — to, B = T — to and 


Ve{s) ■■= vito + ss). 


(4.94) 


-1 


Observe that we have shifted our variables so that to moves to zero and then scaled by e 
which in view of (4.93) implies that minimizers of are precisely rescaled versions of minimizers 
of Jp. Here we study the behavior of minimizers Wp of Hg. First we prove a bound on the locations 
where Wg = Cp, in the region close to t = 0. 

Lemma 4.18. Let Wg be a minimizer of H^, and let Tp G H(0,rie“^) satisfy We{Te) = Cp, with ri 
as in Theorem f.ll (i). Then we have that 

ItpI < C 


for all e > 0 sufficiently small and for some constant G > 0 independent of e. 
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Proof. This proof essentially combines the mass constraint with the exponential decay to obtain the 
desired bounds. 

Let sf be the first time in [—rie“^] so that rce(sf) = c — p, and si be the last time in 
[—ri£“^, ri£“^] so that ^^(sl) = c+p. Then let s| and s| be the first and last times in [—ri£“^, ri£“^] 
where Wg takes the value Cg. We note that such points exist by Theorem 4.11 (i). Furthermore, 
by Theorem 4.11 (ii) we know that sf — sf < C and that —ri£“^ < sf < sf < sf < sf < ri£“^. 


Furthermore, using the same argument from the proof of (4.45) we know that ^^([sf, sf]) = [c—p, Cg], 
and that We([s 3 , sf]) = [cg,c + p]. We can then estimate the following: 


(s| — sf) inf p inf W < 

B(to,ti) (c-p,c+p) 


W{wg)pg ds < C. 


This, along with a similar estimate for sf — s|, then implies that sf — sf < C. Thus if we can prove 
that the sf are bounded above and that the sf are bounded below then we are done. 

Suppose, for the sake of contradiction that the sf are not bounded above. By taking a subse¬ 
quence as necessary we may assume that sf —)■ oo. 


By (4.451 and Lemma 4.13 we have the following bounds 

0 < Wg{s) — Og < 2(c — p — for s e [—ri£“^, sf], 

0 < bg — Wg{s) < 2{bg — c — for s S [s|,ri£“^]. 


By our mass constraint (4.93) we can write: 

rBe-^ 


0 = 


/ A€~ 


{Wg - sgn^_t,)77e ds= j {Wg - sgn„_(,)77e ds 


lAe- 

rBs- 


(4.95) 

(4.96) 


(4.97) 


-b 


{wg - sgn i,)pg ds 


{wg - sgn„ Jpe ds. 


We will estimate these terms to obtain a contradiction. By (4.45) and the fact that 0 < sf — sf < C 
we have that 


{wg - sgn„ .)pe ds 


< C. 


We can also calculate 


/As-i 


Ae 


{wg - sgn„ .)% ds 


{wg - ag)pg ds + 


{og - sgn i,)pg ds. 


'As 


By (4.95) we have that 

{wg — ag)pgds <2{c—p—ag)ma.xp / ds < C, 

whereas by Theorem 4.11 (iii) and (4.45) we know that 

< Ce'^-^+o{l). 


lAe-^ 


{wg - ag)pg ds 


Furthermore as = a -I- 0(£^/^) by Theorem 4.10 we may estimate that 


'As 


(og - sgn^ f,)pg ds 


< Ce- 
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A similar argument, and the fact that 0 < sf < sf shows that 



sgna,b)% ds 


< C. 


Now as sf —t 00 we then have that 


lim 
£—>0 + 


[A 


rA 

/ (oe - sgn„ Jrye ds 

> lim inf ry 

/ (Oe - b) ds 

JO 

£->0+ B(to,ri) 

Jo 


= oo. 


(4.98) 


Combining (4.97)-(4.98) gives 


lim 

e->0+ 



sgna,b)% ds 


= oo. 


This violates the mass constraint. Thus we must have that the sf are bounded above. 

A similar argument shows that 3% is bounded below. As € (sf, sf) and sf — sf < C, we then 
have that |Te| < C, which is the desired conclusion. 

□ 


We then prove that the functions necessarily converge. 


Lemma 4.19. Let Wg be as in Lemma 4.18 Then (up to a suhsequenee, not relabeled) {we} 
converges weakly in H^{{—1,1)) for every I G N to the profile wo(s) := z(s — tq), where tq is 
determined by (4.21). Moreover, the family {w'f\ is bounded in L^, Bs~^)). 

Proof. Throughout this proof we let Wg be associated with its extension by constants outside of 
The fact that the family {w'} is uniformly bounded in L°°{M.) follows immediately 
from Lemma 4.16 Furthermore, we have that the Wg are bounded in L°^ 


diagonalization argument, this implies that for some wq G Hioci 

We Wo in 


by (4.45). After a 
(4.99) 


By ( |4.39[ ) and ( |4.46[ ) we have that 

i2{w(r]eY -W'{we)r]e =£\er]e On (Ae“\Se“i) 
|r(;(.(Ae“^) = w({B£~^) = 0. 

Hence for every f G (M) for e small enough we find that 


/ 2w(rie()'+ W'(we)rie4>ds = - j £Xer]e4>ds. 

JAs-^ JAe-^ 


Letting e —)• 0 and using (4.94) and (4.99) gives 

[ 2wor]{to)(f+ Wfwo)r]{to)4>ds = 0, 
Jr 

which then shows that wq satisfies the differential equation 

2w” = W\wo). 


(4.100) 


Furthermore, by (4.45) we know that a < Wq < b, which by (4.100) implies that IwqI < C. Also, by 
(4.37) and the fact that He{we) = Je{ve), where Ve is a minimizer of Jg, 

r]{to) [ {w'o)'^ + W{wo) ds < lim [ {{w^)'^ + W{we))T]e ds < lim He{we) = 2cwv{to) 

J-l e->0+ 
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for every I € N, and thus 


v{to) f {w'of + W{wo) ds < 2cwv{to)- 
Jr 



(w'or = W(wo). 


(4.101) 

o(s) = 0. By 
nd that 

(4.102) 


We next claim that wq is increasing. Suppose not. Then by (4.102) there exists critical points 
ti < <2 of Wo, with wo(ti) = b and ^ 0 (^ 2 ) = a- This then implies, by Young’s inequality, (4.101) and 
a change of variables that 

6cwv{to) < 2cwv{to)- 

This is impossible and thus Wq is increasing. Moreover, by ( |4.48| ), ( |4.99[ ), and Lemma [4.18[ up to 
a subsequence, — >■ tq with wo(to) = c. This then implies that wo{s) = z{s — tq), where z is the 
solution of the Cauchy problem (1.17). 

The only thing left to prove is that tq is determined by equation (4.21). To this end, hx I large 
enough that (sf, sf) C {—1,1) for all e, where sf and s% are as in the proof of Lemma 4.18 Then by 
the mass constraint (4.93) we have that 

0 = / {we- sgn„ t,)77e ds= {we - sgn h)Vs ds 
JAe-^ J-l 

/ -I rr:ie~^ 

{Ws -a^ + ae- Sgn^ J? 7 e ds + j {w^ - - sgn^ ds 

JI 

+ {We - tte + Us - sgn„ i,)r]s ds+ {We -be + he- sgn^ ds. 

JAs-^ 


By the definitions of sf and sf it must be that Vg < c — p in the interval [—rie —1] and > c + p 

in the interval [Z,rie“^]. Hence by (4.45) and (4.61) we have that 

noo 

{be - We)r]e ds < 2 [{be - We{l)) + {be - We{vie~^)) maxry / e”'"® ds 

<C{be-We{l)+e'^), 

where in the last inequality we have used (4.54) and Theorem 4.11 Similarly, we have 

r-l 


0 < 


{We - ae)r]e ds < C{We{-l) - Qe + £ ). 


By (4.45) we can write: 

r-l 


f (a,-sgn„,),7,ds = -A,|Ae|i/«-i(<z/£)i/%i/«-i f ° r, dt + o{e^/'i-^), 

JAe-^ J-T 

pBe-^ pT 

/ (6,-sgn,,j77,ds = -A,|A,|i/^-i(<z/£)i/%i/^-W p dt + o{s^^'^-^). 

JI J tr\ 


Furthermore by Theorem 4.11 along with (4.45) we have that 


f-tie 


/Ae-1 


{We - ae)pe ds = o(l). 


pBe-^ 

/ {be - We)peds = 0{l). 

J Vie~^ 
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utilizing these estimates, and taking £ —)■ 0 we find that 

rl 


O^vito) [ Wo - sgn^ {, ds - AolAol^'^'^ lim ^ [ vdt 

J-i ’ e^o+ Jj 

+ 0{\a - Wo{-l)\) + 0{\b - uio(OI)- 
Taking I to infinity, and using (2.5) then implies that 

/ N /' f H/»? > fiVds ii q = 1, 

v{to) Wo- sgn„ f, ds = <^ ^ (“) ^ 

Jk 1^0 if g < 1 , 

which then implies that tq has the desired form. This completes the proof. 


□ 


Next we will use the previous lemmas to derive a second-order liminf inequality, which immedi¬ 
ately implies Theorem |4.17| 

Lemma 4.20. Let {we} be minimizers of the functionals {H^}. Then we have the following: 

He{We) - 2cwV{to) 


lim inf ■ 

£-> 0 + 


> 2r]'{to){ToCw + Csym) 


(4.103) 


2W"{a) fi d(5) ds ifq=l, 

0 */g<i, 


where cw, Cgym, To, Aq are given by (1.10), (1.16), (4.21) and (4.40) respectively. 


Proof. Fix fc to be a large integer. By (4.95) and (4.96) and the fact that sf and si are bounded 
we can find 4 G (s|, Cie“^) such that b^ — Wi;{lg) < and Ws{—ls) — iov e > Q sufficiently 

small. Recall that by Corollary |4. 14| we can take 

4 <(71 log e|. (4.104) 


By (4.92) we can compute 
He{We) - 2cwV{to) 


= e M {W'^^'^{we)-wl)'^r]sds + 2£ ^ / W'^^'^{we)wl{T]s - r]{to)) ds 




+ e 




(w{we) + r]^ ds + £ ^2ri{to) i / W'^^‘^{we)wlds - cw 


> 2e M W'^/‘^{we)wl{r]s - T](to))ds 




-I- e 


/ W {We)r]e ds + £ ^2r]{to) i / W^^'^{we)wlds - Cw] ■ 

d[A£-i,Be-i]\(-4.4) y-h J 

We will examine the individual terms. The last term goes to zero as 


W^^^{we)wl ds — Cw 


'-Is 


< £ 


fWeOe) rb 

/ W^/‘^{r)dr- W^/‘^{r)dr 

' 'R’e ( —^e) ^ 


< e 


-1 


W^/'^{r)dr- / Wi/2(r)dr 


Ce' 


k-l 


< 


C£~^ / t^ dt-I-(7e^“^ = o(l), 
Jo 


(4.105) 
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where we have used (1.10), (2.9) and (4.45). 

For s G [le, B£~^] n {we > be — e^} by the mean value theorem we can write 

IFK(s)) = W{be) + W\Ce){We{s) - b^), 


where Ce G feg]. By (2.10) and (4.49) for such s we then have that 

\W'{C)\{be - Weis)) < C\Ce " b\\be - Weis)) 

<Ci\Ce-be\‘^ + \be-bnibe-Weis)) 
< + e)e'= < Ce'^+K 


Thus we can write, after applying (2.9), part (iii) of Theorem 4.11 (4.49), and (4.104), 

rBe 


.-1 


pne pne 

/ WiWe)Veds>£-^Wibe) r,e ds + Ois’^-^) 

Jle Jle 

\be-b\^+'^ + 0i\be-b\^+‘^)^ (^£-^ j\dt + Oi\log£\)'^ +0(e'=-l) 


9(1+ g)' 


= + «(!)) j\dt + Oie^/<^\\oge\)'^ +Oie>^-^). 

An analogous bound will hold on the interval [Ae~^, —4]- Hence 


lim e ^ 
£—>■0 + 


[Ae-\Be-^]\{-h,le) 


Wiwe)rieds 


^i2i^Iiddt if 9 = 1, 

lo ifg<l. 


(4.106) 


For the first term we use assumption (4.1) to estimate rjeis) — r]{to) = es’q'ito) + 0(£^+^|s|^+^). 
Using (4.45), Lemma 4.19 and (4.104) we have that 


£-1 / W'^/^iwe)w'eOie^+^\s\^+f^) ds 

J-h 


< Ce^\ logsl^''"^ —>■ 0. 


Thus we find that: 


lim 2e ^ / W^^‘^iwe)w'^ir]e — r]{to)) ds = 2r]'{to) lim / W^^^{we)w'^s ds. 


e—>-0+ 


l-h 


e—>0+ . 


-L 


Now for any fixed I by (4.99) and the fact that wois) = z(s — tq), we can write 


lim [ W^^'^i'We)w'^s ds = [ W^^‘^{wq)w'qS ds 


rl-To 


I-l-To 


W^^^{z{t))z{t){t + To) dt 


= To^izH - To)) - To^izi-l - To)) + ( W^^‘^iz{t))z it)tdt, 

J-l-Tn 


where we recall that ^(s)=C lU^/^(r) dr. Furthermore we can establish the following bound using 


(2.9), (4.96) and Lemma 4.19 


W^^^i'We)w'^sds 


<C \b — WeI sds 


/ OO 
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provided I > s%. Thus we can write 


lim / W'^/'^{we)w'^s ds = to$(z(Z - Tq)) - ro$(z(-Z - Tq)) 

e^0+ J_i^ 

rl-TQ 


+ f ° W^/^izis))z'{s)sds + 0{le-^>^^). 

J-l — Tn 


Taking I to oo, combined with (4.105) and (4.106) gives the desired claim, namely, (4.103). 


□ 


We now give the proof of Theorem |4.17[ 

Proof of Theorem \4-lT\ By changing variables it is immediate that H{we) = G^s'^ (ve)- Lemma 
then immediately implies (4.91). This concludes the proof. 


4.20 


□ 


5 Proofs of Main Theorems 


With our tools in hand, we now can approach the problem of proving Theorems |1.1| and 1.2 We 
begin by proving the T-liminf inequalities from Theorems o and |1.2| Precisely, we prove the 
following theorem; 


Theorem 5.1. Assume thatfl satisfies (2.1), m satisfies (2.2), Xq satisfies (2.3) and thatW satisfies 


(2.4)-(2.7). Let {u„} C L^{Ll) converge to u in Then 


liminf 
£->■0 + 


where is defined hy (1.3) and defined in Theorems 


1.1 


and 


1.2 


Proof. If liminf£_,,g+ {ue) = oo then there is nothing to prove. Thus, passing to a subsequence, 
if necessary, we can assume that 

sup < oo. (5.1) 

£ 

By standard results on compactness and lower semicontinuity for the Cahn-Hilliard functional 


(see, e.g., [33] and the references therein), it follows from (1.3), (1.4) and (5.1) that u must be a 
minimizer of This implies that the set E := {u = a} is a minimizer of (1.11), and its mean 


curvature is given by (1.14). Using Iq from Proposition |3.1| as in Section 3, we then have that 






)+e\f'^?)Xf,{Vn)dt, 


■ dx = 




TniVn) dt, 


where Vh and /„ are defined in Section 3 (see (|3.8[), (3.15) and Remark 3.11). We then set ry := 


This t] will satisfy all of the assumptions in Section 4. Indeed, since Vh > 0 in (—T, oo) 
and Vh(-T) = 0, by (T^ and (3^, Vn{t) = [C'o/n(t + T)]” near -T, and so rj = Ug [y^(t + T)]"“\ 
which shows t hat (|4.2 ) and (4.4) hold for t close to —T. On the other hand, since Vh(i) = 1 —Lh(—t) 
(by ( |3.2[ ) and (3.8)), for t close to T we have that r]{t) = Ug [L(T — t)]””^ and thus (4.3) and (4.4) 


hold close to T. Since Iq S (0,1), by (3.8) we have that Vh € (I ), and in turn g S (/). 

Thus (4.1) is satisfied. Finally, since Iq > ^ in (0,1) we have by (3.3) that ry > 0 in /, and thus 
(4.4) holds on any compact subset of I by uniform continuity. 


Next observe that since u G BV{i},{a,b}) and (1.2) holds, by Lemma 3.3 we have that fu only 


takes the values a and b and Jj fuT] dt = ^Qudx = m. Since fu 


fu{t) = sgn^ ,,(t — tg) for some to G I and all t G I. It follows from Theorem 


is increasing, this implies that 
that fu is a local 


minimizer of the functional defined in (4.11). Moreover, by Lemma 3.4 we have that itg —> u 


4.6 
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^e{Ue) > = Jeifuj > JeiVe)- 


Since Jj furj dt = m, it follows from the fact that (see <113 and Lemma [3.3[ ) 

l=£^{n) = j^r]dt 


and (3.8) that 


t^m — 


b — m 
b — a 


= C'^{{u = a})= / r]dt= -jjVadt = VQ{to). 


l-T 


f-T 


dt 


(5.2) 


(5.3) 


(5.4) 


In turn, by (3.4), 

v(to) =In(0m) =d:n{Vm) = P({m = a};n), 
which shows that = GP^(/„). Hence by (5.2) we have that 


By applying Lemma[4.20| we thus have that 


liminf ^^^^^(ue) > 2?7'(to)(ToCrv + Cgym) + < 


e->0+ 


0 


if g = 1, 
if g < 1, 


(5.5) 


where we have used (5.3). By ( |3.8[ ) we have that r]'{t) = (Iq)'( yQ{t))r]{t), and so by (1.14), (3.4) 
and (5.4), 

v'ito) = 21n(0m)21n(0m) = (n - 1 )k„ P{{u = a}; PI). 


In turn by (1.20) and (4.22), 


\ - 2(n- l )cw _ 

^0 — ' n ■ \ 

(b-a) 


(5.6) 


and so by (4.21) the number tq coincides with the number r„ in (1.18). Combining (5.5)-(5.6) gives 

(M 

, P/'/.., _ O'! _L 1 2' 

Gsym J 


liminfJ'J^)(ue) > 2 (t„cw + Csym)(n-!)«;„?({« = a}; H)+ ■{ ^ 

0 if 9 < 1. 


£—>■ 0 + 

This completes the proof. 


□ 


Remark 5.2. ITe note that the assumption that fl is is not truly necessary to prove the previous 
theorem. A Lipschitz domain satisfying (2.3) would actually be sufficient. However, for a Lipschitz 
domain it is not clear that (2.3) need hold, and furthermore for the T-limsup inequality we directly 
utilize the fact that PI G C'^. 

Now we prove the corresponding T-limsup inequality. 


Theorem 5.3. Assume that PI satisfies ( |2.1[ ), m satisfies (2.2) and that W satisfies (2.41-(2.7). Let 
u G L^(Pi). Then there exists a sequence {tt„} C L^{Pl) that converges to u in L^{Pl) such that 

limsupJ'f)(w^) < F^^\u) 

£—>■0 + 

where is defined by (1.3) and H^^'^is defined in Theorems 


1.1 


and 


1.2 
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We note that Theorems 5.1 and |5.3| together establish Theorems o and |1.2[ To prove this 
theorem, we primarily utilize the approach from previous works (see ESEO]), while leveraging the 
insight regarding skew in transition layers that we have developed over the course of this work. We 
begin with the following lemma: 

Lemma 5.4. Suppose that E G it is a volume-constrained perimeter minimizer in fl. Define the 
function r](s) := = s}), where ds is the signed distance function (see (2.13)). Then ij 

is twice differentiable at zero and satisfies 


r,{0)=P{E;n), 
ig'iO) = {n-l)KEPiE-,n), 

where ke is the mean curvature of E. Furthermore, the function rj is bounded. 


(5.7) 

(5.8) 


Proof. By classical results (see m), we have that ( |5.7[ ) holds. To prove that p is twice differentiable 
at 0 and that (5.8 1 holds we are primarily concerned with possible interactions with dil. By 


we know that dE is a C^'°‘ surface, that intersects Oil orthogonally. By appropriately reflecting E 
outside of ft we may assume that E is a (7^’“ set in K”. Since dE is of class (7^’“ for every x G dE 
there exist a ball B {x,rx), with local coordinates y = {y',yn) € x K such that x corresponds 


to y = 0, and a function g of class C'^’“( 
and 


pra-l'l 


) such that g{0) =0, ^(0) = 0 for alH = 1,... ,n — 1, 


E n B{x, Vx) = {y G B(0, Vx) ■■ yn < g{y')}, 

dE n B{x, Vx) = {y G B{0, Vx) : yn = g{y')}- 

In what follows we use local coordinates and we set y" := (?/ 2 , ■ • ■ ,2/n-i)- In particular, since dE 

meets the boundary of ft transversally, if x € dE (7 dfl, by a rotation and by taking Vx smaller, we 

can assume that 


ft n B{x, Vx) = {y G B{0, Vx) ■■ yi < f{y", yn)}, 
dft n B{x, Vx) = {y G 5(0, Tx) : yi = f[y”, yn)} 

Vn - g{yi,y''), by 


(5.9) 


for all y G dE (7 (7 5(0, r^,). For |s| sufficiently small the set 

5, := {C e : d£;(C) = s} 


for some function / G (7^’“(]R" ^). Setting F{y) := yi — f{y",yn) and Gljj) := 
the transversality condition we have that 

0 = VF(2/).VG(j/) = -^(y') 

( n ^^9 ( ,, df „ 


in a neighborhood of x is given by an n — 1-dimensional manifold parametrized by 

Ti{y',s) =yi-s^{y'){l + \S/g(y')\l^_^ ' (5.10) 

/ 9 \-i/2 

Tniy', s) = g{y') + s (^l + |V5(2/')l„-i) (5-11) 

for alH = 1,..., n— 1 and for y' G (5„_i(0, r^), where 0 < and we are using local coordinates 

(see [4^). Here (5n-i(0,r) denotes the cube (—r/2,r/2)"“^ and | • |„_i denotes the norm in 
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We are interested in in the surface area of Eg contained in or in other words, the area of the 
region characterized by 

<pi(y', s) > s),..., s)). 


Consider the function 


H{y', s) := s) - /(<P 2 (y', s),..., ^Pniv', s)). 


(5.12) 

(5.13) 


By (5.10) and (5.11) we have 


dH dipi , ^ (' \ 

- Z. , s), ..., ^„(2/ , s))^{y , s). 


dy 


fc=2 


dyk 


dyi 


Taking y' = 0 and recalling that ^(0) = 0 for alH = 1,..., n — 1 gives 




provided we take 


1 > S(1 + ))) ||V^ff|L=o(Q_^(o,^^)) • 


By taking > 0 smaller, it follows by the implicit function theorem that there exists a function 
h{y",s) of class such that the condition (5.12[) is equivalent to 


2/1 > h{y'\ s) 


(5.14) 


for all for y' = {yi,y") € Q„_i(0,7’^) and all s > 0 sufficiently small. Moreover, since / is of class 
C^’“ and the functions ^pi and are infinitely differentiable in the variable s (by (5.10) and (5.11)), 

we have that and exist and are continuous. By (5.9), (5.10), ( 5.11| ), and (5.13), 

= ^(y'>o)-X^^(<^2(y',o),...,(p„(2/',o))^(2/',o) 

fc=2 


(l + |V27(2/')l' 




k —2 

-(i + |V 2/(2 /')|Li) 

It follows by the implicit function theorem that 


ay/" "dyk' 

-1/2 df 

^Jy".9iy'» = 0- 


f^{y",0) = -^(/i(2/",0),y",0) ( ^(%",0),y",0) ) = 0. 


(g- 


-1 


(5.15) 


By (5.14), in a neighborhood of x the surface area of Eg inside 11 is given by the surface integral 


^£c(s) := 



- 

/ / \ 

E 

/Q„_2(0,r^) Jh{y",s) ^ 

aes 


where 


. W.s) 


:= {a G N" ^ : 1 < ai < a2 < • ■ • < ctn-i < n} ■ 


dyidy”, 
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By standard theorems of differentiation under the integral sign, we have that is of class . 
Moreover, by (5.15), 


dQ„_i(0,ri) OS \\ 


. to-,.) 

0(2/1, • ■ -,2/71-1) 


dy' 


s=0 



E 

yQ„_2(0.ri) \ 

aGH 


det 


d (v^ai, • ■ • , ) 

9(2/1, . . . ,2/n-l) 


(M 2 /", 0 ,), 2 /", 0 ) 


dy" 


iQ^-iioyj 9s 


.\ 


Y. 

otGE L 


. ( 1 , 1 .) 

0 ( 2 / 1 , ■ • -, 2 / 11 - 1 ) 


dy'. 


s=0 


As the boundary term has dropped out we can then obtain (5.8) using a partition of unity and 
classical formulas (see, e.g., [17]). 


The fact that 17 is bounded follows from [^. This completes the proof. 


□ 


We then prove our T-lim sup inequality. 


Proof of Theorem \5.3[ \i u ^U\ the inequality is trivial. Thus, let u ^U\. Then we have that u is 
of the form axE + bxE'^ - Define 


r]{t) := "H" ^({x : dsix) = t}). 


(5.16) 


By Lemma 5A we have that rj satisfies the assumptions of Theorem |4.7| Let be the one-dimensional 
function constructed in Theorem 4.7 using ij chosen via (5.16). Define Ue{x) := Ve[dE{x)). By the 
coarea formula for Lipschitz functions we have that 

F^iue) = ^ (^J {£~^W(vs{t)) -Fe(u')^)'H”"^({a: : dsix) = t}) dt - 2cwvi0)j - 


Applying Theorem |4 . 7| then gives the desired result. □ 

Remark 5.5. We note that our recovery sequence construction does not require any smoothness 
properties on Iq, such as (2.3). The technique given in this section thus establishes the T-limsup 
inequality at any mass level. Although we do not currently have a liminf inequality to support it, 
we suspect that the T-limit we establish in this paper should hold at all mass levels. When W is 
symmetric with respect to this would imply that surfaces with higher magnitude mean curvature 
are (slightly) energetically favored. 


Next we prove Corollary |1.3| 

Proof of Corollary \1.3\ If W is symmetric about then Woz will be an even function. Thus (see 

([m) 


‘-"sym 


= j W{z{t))tdt — 0 . 
Jr 


Furthermore if W is symmetric then z will satisfy b — z{t) = z{—t) — a for all t > 0. In turn, this 
implies that 


and hence 


f sgn<j_b(f) - z(t)dt = 0 , 

/ - Tu) - sgn^ f,{t) dt= z{t - r„) - z{t) dt. 

Jr Jr 
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utilizing the fundamental theorem of calculus and Fubini’s theorem 


f z(t - Tu) - z{t) dt = - f f z'{s) 
Jr Jr Jt—T,, 


ds dt 


(■S + Tu 


dt ) z'{s) ds = —Tu / z'{s) ds = —Tu{b — a). 


Recalling (1.181, (1.20) and (1.23lwe then find that 

A„ 


Tu={ W"{a)P{{u = a};n){b-a) ® 

0 if g < 1. 


This then gives 


J^( 2 )(u) = J 

0 


^ -2K„(n-l)c,v^) ifg = l, 


if g < 1. 


Again recalling (1.20) we find that 


^(2)(y) = ) ^ 2W"(a) 


if g = 1, 
if g < 1, 


as desired. 


□ 
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